Artificial Intelligence

Constraint Satisfaction Problems
CSP

More about
Textbook, Chapter 5, Constraint Satisfaction Problems




Qutline

1 What is CSP?
1 Toy CSP and real life CSP
} CSP as search
‘BBacktracking
BHeuristics
1| Variable ordering and value selection
{ Forward checking
{ Constraint propagation
1 Improved CSP representations

} Complexity of solving tree structured CSPs




Constraints

Physical laws

Resources

Schedules

User demands

Economics

Safety regulations, standards, codes, etc.
e

Logic constraints

Arithmetic constraints

Geometrical constraints
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Constraints

Boyle’s law
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Constraints

Production Requirements:
Model A Model B Model C Model D

o e b9

Options (v = required, X = not):

Sunroof X v v X
Radio cassette v X v v
Air-conditioning v v X v/
Anti-rust treatment X v v v
Power brakes v X v X
Total:
Number of cars required: 30 30 20 40 120
- el

Y VY-V YuwYey W
7 MR R R

Work area for
Work area for sunroof radio cassette

Capacity Constraint: 3/5 Capacity Constraint: 2/3




Constraints

10X10 Job Shop Scheduling Problem

Unconstrained Schedule

JOB 0 =14 120 180 240 300 3a0 420 480 240 &00
1 1 1 1 1 1 1 1 1 1 1
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Machine Required

0 I 1 M2 M3 M4
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Constraints
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Constraints

Hardware/ software formal verification,
protocol design, etc.

Satisfablility of logical expressions (SAT)
- what is the set of values of (binary) variables, which makes
all stated logical expressions true in the same time?

(av =bv —¢c)AND (bv —c)AND (avec)

a = True/ False?
b = True/ False? 2x2x2=23=8

c = True/ False?

here:a=True,b=Tr u e, c donot car
a=True,c=False,bdonot C aViridles: 3
etc.

Clauses: 3



Constraints
IBM Load-Store Unit (LSU)

The instance banc-ibn-6.cnf, IBM LSU 1997:

p cnf 51639 368352 BMC i
-170 Le., ((notXxq) orxz) .\ p Bounded Model Checking

not x4) or x .
150 etc. . L orx) AND Variables: 51654

—: ;; 0 Clauses: 368367
120 Temporal bound: 22
-1-80

-9150

:g :‘3‘ g Should x; be set to False??
-9 120

-9110

-9100

-9 -160

-17230
-17220

000S/SATLIB/Benchmarks/SAT/BMC/description.html



https://www.cs.ubc.ca/~hoos/SATLIB/Benchmarks/SAT/BMC/description.html

Constraints
Hardware/ software formal verification, protocol design, etc.

The instance ® 10236 —10050 0 After ca. 15 thousand pages later
10236 —10051 D
p cnf 51639 3683 1043
-170 10
100 ~7 2600
-150 100 72600
1-40 100} 1072 1070 0
-130 100 ~15 -14 -13 -12 -11 -100
-120 100 ~15-14 -13 -12-1110 0
-1-80 100 ~15 -14 <13 -1211 -10 0
9150 101 ~15 ~-14 -13 -1211 100
9140 100 —7-6-5-4-3-20
9130 1023 ~7-6-5-4-320
-9 120 1023 ~7-6-5-43-20
-9110 1023 -1 =06-5-4320
—9100 1850
~9-160
-1723 0 Search space of truth assignments: 2°°°° ~ 3.160699437 - 10**%*!

Solved in ca. 10 msec!




Constraints

Allocation problem

Five developments are to be located
on the lots:

(1) a recreation area,

(2) an apartment complex,

(3) a cluster of 50 single-family houses,
(4) a large cemetery, and

(5) a dump site.

Conditions:
-The recreation area must be near the lake.
- Steep slopes must be avoided for all but the recreation area.
- Poor soil must be avoided for developments with construction (apartments, houses).
- The highway must not be near the apartments, the houses, or the recreation area.
- The dump site must not be visible from the apartments, the houses, or the lake.
- Lots 3 and 4 have poor soil.
- Lots 3, 4, 7, and 8 are on steep slopes.
- | ots 2, 3, and 4 are near the lake.
$a0d 2 are near the highway.

\

 devel™magats may occur on the same lot.



Constraint satisfaction problem

}

What is a CSP?

BFinite set of variables V., V,, &,

BFinite set of constraints C,, C,, é, C

BNonempty domain of possible values for each variable

DV1’ DV2’ IéVn

BEach constraint C, limits the values that variables can
take, e.g., V,I ,V

A state Is defined as an assignment of values to some

or to all variables.

Consistent assignment: does not violate the constraints.

An assignment is complete when every variable is set.

A solution to a CSP is a complete assignment that satisfies
all constraints.

Some CSPs require a solution that maximizes an objective



CSP example: map coloring

Northern
Territory
Western Queensland
Australia
Avstralia ey
L New South Wales
} Variables: WA, NT, Q, ¥ \ﬂ
NSW, V, SA, T B
1 Domains: D, = {red, green, blue} rasr ]

1 Constraints: adjacent regions must have
different colors.

TE.g. WA, NT,WA, SA,SA, NT, ¢é

TE.g. (WANT), (red, green), (red, blue), & }




CSP example: map coloring

-
TN

TESH'I’_H.

1 Solutions are assignments satisfying
all constraints, e.qg.
{WA =red, NT = green, Q =red, NSW = green, V =red,
SA = blue, T = green}




Constraint graph

1 Benefits of CSP formulation ‘0
BStandard representation pattern
BGeneric goal and successor functions @
BGeneric heuristics (no domain specific expertise).

} Constraint graph = nodes are variables,

edges show constraints.
BGraph can be used to simplify search.
1 e.g. Tasmania is an independent subproblem.




Varieties of CSPs

} Discrete variables
BFinite domains; size d Y O(d") complete assignments.

1 e.g. Boolean CSP, includes Boolean satisfiability (NP-
complete).

Blnfinite domains (integers, strings, etc.)

{ e.g. job scheduling, variables are start/end days for
each job

1 Need a constraint language
e.g StartJob, + 5 O StartJob,.
1 Linear constraints solvable, nonlinear undecidable.
1 Continuous variables
Be.qg. start/end times for Hubble Telescope observations.
BLinear constraints solvable in poly time by LP methods.

‘‘‘‘‘‘‘‘
‘‘‘‘‘



Varieties of constraints

1 Unary constraints involve a single variable.
Be.g. SA, green

1 Binary constraints involve pairs of variables.
Be.g. SA, WA

1 Higher-order constraints involve 3 or more variables.
Be.g. cryptharithmetic column constraints.

1 Preference (soft constraints) e.g. red is better than green
often representable by a cost for each variable
assignment - constrained optimization problems.




Example; cryptharithmetic

T W
T W
O U

A0 O

+
F

} Variables: F, T, U, W, R, O, X, X,, X;3

} Domains: D,;={0, 1, 2,3,4,5,6, 7, 8, 9}
} DJ - {O’ 1}

1 Constraints:

alldiff(F,T,U,W,R,0)

O+0=R+10Xx X, etc.




Constraint 'satisfaction-praoblems




