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ABSTRACT: The changes in shapes of fiber-reinforced composite beams, plates and
shells affected by embedded piezoelectric actuators were investigated. An analytical
method was developed which can be used to calculate the changes in shapes for specified
applied voltages to the actuators. The method is formulated on the basis of mathematical
models using two-dimensional, linear, shallow shell theory including transverse shear ef-
fects which are important in the case of sandwich construction. Solutions to the governing
equations were obtained via the Ritz method. A computationally efficient computer code
with a user-friendly interface was written which is suitable for performing the numerical
calculations. The code, designated as SHAPE1, provides the change in shape for specified
applied voltages. To validate the method and the computer code, results generated by the
code were compared to existing analytical and experimental results and to test data ob-
tained during the course of the present investigation. The predictions provided by the
SHAPE1 code were in excellent agreement with the results of the other analyses and data.

1. INTRODUCTION

N RECENT YEARS great efforts have been made to build "smart" structuresI 
controlled by surface mounted and embedded piezoelectric actuators. Most of

the past effort has been directed towards controlling the vibration characteristics
of structures. Less work has been done on changing the shapes of structures, in
spite of the fact that shape control is also a problem of practical interest. For ex-
ample, embedded piezoelectric actuators could be used to adjust the shapes and
the focal points of space antennas and the contours of aircraft, spacecraft, and
ship control surfaces. However, to use piezoelectric actuators effectively, the type
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and locations of the actuators and the applied voltages must carefully be selected.
This selection can best be accomplished by the use of analytical models.

During the course of this investigation two analytical models were developed
which are applicable to two different types of problems (Figure 1). The first
model is described in this paper, and is for calculating the changes in shapes of
beams, plates and shells when the voltages applied to the piezoelectric actuators
are given. The second model is presented in Reference [1], and is for determining
the voltages needed to achieve a prescribed shape.

The literature on piezoelectric actuators attached to structural elements made
of continuous fiber-reinforced composite materials falls broadly into two cate-
gories. In the first category are those investigations which primarily address
dynamic (vibration) behavior of the structural element. In the second category
are those studies which primarily deal with the "slow" (as opposed to dynamic)
changes in shape produced by the piezoelectric actuators. Since these types of
problems are the focus of this study, the literature on these latter types of in-
vestigations is reviewed briefly here. Crawley and de Luis [2,3], Bailey and Hub-
bard [4], Burke and Hubbard [5,6], Tzou and Wan [7,8], Cudney et al. [9-11],
and Hanagud et al. [12] analyzed straight beams using methods based on the
Bernoulli-Euler and Timoshenko beam theories. Crawley and Lazarus [13], Lee
et al. [14-17], and Wang and Rogers [18,19] developed solution techniques for
rectangular composite plates by modifying the classical laminate plate theory to
allow for plies with induced strain. Tzou et al. [20-23] and Jia and Rogers [24]
proposed methods for thin shells based on the Kirchhoff-Love shell theory. Ha et
al. [25] and Tzou and Tseng [26,27], respectively, presented three-dimensional
finite element solutions for flat rectangular plates and for plates with curved
boundaries.
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Figure 1. Illustration of the problems considered in this investigation.
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Figure 2. Structural elements considered.

None of the above investigators considered sandwich construction. Only the
analyses of Tzou and Tseng [26,27] and Wada et al. [28-30] are applicable to
shells of sandwich construction with a core undergoing shear deformation. Tzou
and Tseng developed a three-dimensional finite element method which, in princi-
ple, could be applied to sandwich plates or shells but, to date, results have been
reported only for solid isotropic cylindrical shells not containing a core. Wada et
al. applied the commercial NASTRAN code to analyze the particular problem of
a hexagonal sandwich plate. The model used in this study does not rely on finite
element computations, and the result is shorter computing times and reduced
memory requirements.

2. PROBLEM STATEMENT

Here we consider the problem in which a known set of voltages is applied to
the piezoelectric actuators of a structure with a given shape and actuator con-
figuration (Problem 1 in Figure 1). It is desired to find the change in shape caused
by the strains induced by these applied voltages. This type of information is
needed in designing piezoelectric actuator systems, namely in determining the
types, shapes, and locations of actuators for efficient shape control.

We consider six different structural elements: (1) straight beam, (2) curved
beam, (3) rectangular plate, (4) circular plate, (5) rectangular shell, and (6) cir-
cular shell (Figure 2). The element considered may be supported along any of its
edges or at one or more locations on the top and bottom surfaces. The supports
may be "built-in," "fixed" or "hinged," as illustrated in Figure 3. Each of these ele-
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ments may be a "solid" laminate, or may be of sandwich construction consisting
of an orthotropic core covered by two face sheets. The solid laminate or the face
sheets may be made of a single material or of different materials bonded together.
The layers (plies) may be arranged in any sequence, and the thicknesses of the
layers may be different. Each layer may be isotropic or orthotropic, the latter in-
cluding continuous unidirectional fiber-reinforced composites. Perfect bonding is
assumed to exist between the layers themselves and between the face sheets and
the core.

Piezoelectric actuators may be mounted on the surfaces or embedded inside the
material (Figure 4). These actuators may be isotropic or orthotropic and may
either be continuous extending over the entire area of the element, or they may
be applied in discrete patches. The continuous actuators may be located on the
surface or at one or more locations inside the material. Rectangular or circular
patches of arbitrary thickness can only be on the top or bottom surfaces.

Upon the application of a voltage to each piezoelectric actuator, the actuator
exerts a force on the material, changing the shape of the structure. The objective
of this investigation was to determine the new shape of a structural element for
specified applied voltages.

The shape of the element is described via a suitably chosen "reference" surface.
The shape of this reference surface is defined by a single z o-coordinate of every
point on the surface, as illustrated in Figure 5. Note that the z o-coordinate is per-
pendicular to an x-y plane. The shape must be such that the zo-coordinate of every
point can be specified by a polynomial function in x and y

zo =	 (1)

where a, are constants and m, and n, are integers equal to or greater than zero.

Figure 3. Illustrations of the built-in, fixed and hinged supports.
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Figure 4. Possible locations of continuous and discrete "patch" actuators.

z

Figure 5. z-coordinate describing the location of a point on the element reference surface.
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3. METHOD OF ANALYSIS

In this section we consider the problem in which the geometry of the structural
element containing the piezoelectric actuators as well as the voltages applied to
the piezoelectric actuators are specified. It is required to find the change in shape
(new shape) of the structure under the applied loads.

The analysis is formulated on the basis of the following assumptions. The
materials of the element and the piezoelectric actuators behave in linearly elastic
manners. The deformations are small. The middle surface of the element is either
flat or "shallow" such that the strain-displacement relations of flat plate or shallow
shell theory apply [31]. The through-the-thickness strain distributions are such
that sandwich theory ([32], Appendix A) applies. In addition, the face sheets may
carry both in-plane and bending loads ("thick" face sheets, [32]).

The solution is based on energy principles. The starting point of the analysis
is the principle of minimum potential energy [34,35]

SII = SU +	 = 0	 (2)

where HI is the variation of the total potential energy, SU is the variation of the
internal strain energy, and S V is the variation of the potential of the applied exter-
nal forces. Before defining the forms of these terms, the displacements, strains,
and stresses in the element are discussed.

3.1 Element Displacements, Strains, and Stresses

The element domain 1/ and the coordinate systems used are defined in Figure
6. x-y-z is the global coordinate system, while x1 -x2-x, is the local ply coordinate
system with x, in the direction parallel to the fibers and x2 and x, perpendicular
to the fibers. The change in shape of the structural element is defined by the dis-
placement of a reference surface which is located at a distance q from the bottom
surface of the element and by the rotations of the normal to this surface at every
point. q is obtained from the geometry of the sandwich construction using the
following expression (Figure 7)

	

tb	 tb  )d
q	 2	 t,	 tb

where tb , t„ and d are defined in the figure. The displacement of the reference
surface can be described by the linear displacements u, v, and w of every point
on the surface. In addition the transverse shear deformation of the sandwich can
be described by the rotations and which are discussed subsequently. As is
shown in Figure 8, for a cross section in the x-z plane, u is the displacement
tangential to the reference surface in the off-axis x-z plane, w is the deflection nor-
mal to the reference surface, and g5 is the rotation in the x-z plane of a line which
was normal to the reference surface before any deformations occurred and which
connects corresponding points on the middle surfaces of the upper and lower face
sheets (dashed line a–d). v is the displacement tangential to the reference surface

(3)
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w

Figure 6. Element domain and the global (x-y-z) and local ply (x,-y,-z,) coordinate system.   
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Figure 7. Illustration of a deformed sandwich element showing the location of the reference
surface.
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dw
dx

w

BEFORE DEFORMATION	 AFTER DEFORMATION

Figure 8. Geometry of the element before and after deformation. Illustration of the shear
deformation in the core which causes the straight normal a-b-o-c-d to become crooked.

in the off-axis y-z plane, and is the rotation in the y-z plane of a line which was
normal to the reference surface before any deformations occurred and which con-
nects corresponding points on the middle surfaces of the upper and lower face
sheets. The objective then is to find u, v, w, (/),, and (A y for the specified applied
voltages.

The strains corresponding to these displacements can be represented by the
strain vector defined as [36]

Co =

tEr

Ey }

E ry

X° =

E =

X„}

X °,

X

co

xo

ti

x =
Xr

X

X xy

—
-Yr=

(4)

(5)

where co represents the in-plane strains at the reference surface of the element,
xo represents the "global" curvatures of the element in the presence of transverse
shear deformation (obtained from (/) and 4),,), x represents the curvatures of the
reference surface (obtained from w), and 7 represents the transverse shear defor-
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mations of the sandwich (Figure 8). These parameters are defined in Table 1. In
this table, zo (x, y) is a function describing the original shape of the reference sur-
face of the element before any deformation has occurred. If there is no core pres-
ent, there is no transverse shear deformation; x o and x are identical and y is zero.

The internal forces corresponding to the strain e are represented by the follow-
ing generalized force resultant vector (Figure 9) [36]

F =
N, + Ni b

d,,N,, — d,N,
M,, + M 1 ,

Q

_
N

M.
m,
Q

(6)

where N represents the in-plane stress resultants, which are the sum of the in-
plane stress resultants of the top (N,) and bottom (N b ) face sheets, M o the global
moment resultants, M, the local moment resultants, which are the sum of the mo-
ment resultants carried by the local bending of the top (M, , ) and bottom (MO
face sheets, and Q the shear stress resultants. The forms of these stress resultants
are

N=
N,
Ny
N„

M. =
Mo
M,
M. ,,x

M,=
M1„

MI,
MI,

Q = 1Q ::1	 (7)

d, and db are, respect vely, the distances from the reference surface to the middle
surfaces of the top and bottom face sheets (Figure 9).

Figure 9. Force and moment resultants and cross section dimensions for the sandwich ele-
ment.
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Table 1. Strain vector definitions.

Vector

EO

xo
acbx

xox = —aX

32w
Xx	 axe

aw
-Y" = ax	 cbx

	

a.*	 aox aoy

	

Xoy = — 7317	 Xoxy = — ay — ax

_	 a 2 ty	 a2ty

	

XY — — ay,	 Xxy — —2 	
axay

aw
Yyz = ay — Oy

The generalized forces and the strains are related through the expression

where S is the

s

F = S E

stiffness matrix (Appendix A)

A,, + A,	 dbAb — d,A,
d,,AL, — d,A,	 df,A i, + dfA,

B,, + B,	 di,B, — d,B,

0	 0

B,, + B,

di,13,, — d,B,

13,, + D,
0

0
0
0
G

(8)

(9)

In Equation (9), A , B, and D are the Classical Laminated Plate Theory stiffness
matrices for the face sheet about its own middle surface. The subscripts t and b
refer to the top and bottom face sheets, respectively. As shown in Appendix A,
for a solid element (which contains no core), the upper left portion of S reduces
to the classical stiffness matrix given in Reference [37]. G is the off-axis shear
stiffness matrix for the sandwich given by ([32], Appendix A)

G	 CL2 [cos 0	 — sin 1 [G`,,	 0 1 [ cos 0	 sin 81
(10)

c [ sin 0	 cos 0	 0	 GZ3 — sin 0	 cos 0.1

where B is the orientation angle of the core principal axis, and Gj3 and are
the on-axis transverse shear stiffnesses of the core in the 1-3 plane and the 2-3
planes, respectively (Figure 6). c is the thickness of the core of the sandwich con-
struction (Figure 9).

3.2 Piezoelectric Actuator Material Behavior

The simplest relationship between the applied voltage and the induced electric
strain in a piezoelectric material is linear, i.e.
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where e is the voltage applied across the material, t is the thickness of the
material, and d is the vector of the on-axis piezoelectric strain constants [3].
However, when a voltage is applied across certain piezoelectric materials (such
as piezoceramics), they exhibit a nonlinear strain response [13]. It has been pro-
posed [13] that this response is due to the fact that the components of d are not
constant, but vary with the applied voltage or the strain present in the piezoelec-
tric material [13]. In this case the induced electrical strain versus voltage relation-
ship may be expressed as

	

= (e,c)( t )	 (12)

where E is the vector of total in-plane strains present in the piezoelectric mate-
rial. We can now approximate d(e,E,) by

d(e,e,) = d o + x() +	 (13)

where d., x, and ik represent the on-axis properties of the piezoelectric material.
The components of d., x., and for an orthotropic piezoelectric material are

	

X = l

X 31	 ‘/2

	

x32	 =	 1P3	 0

	

0	 0 0

The values of these properties must be determined experimentally for the
piezoelectric material (e.g., [13]). The above piezoelectric properties are in the
on-axis coordinate system. In the off-axis coordinate system we denote these
properties by d, and These off-axis properties can be obtained by the
usual coordinate transformations. For an isotropic piezoelectric material, the
components of d o x, and ik reduce to

d31 ;1	 6 0
d o = d,,

0
x =

X311
X31
0

= 4,1
0	 0

0
—

(15)

By combining Equations (13) and (11) we obtain

E el = d o (1 + X( t ) 2 + y E `(;) (16)

The stress present in a piezoelectric material o, can be related to the total
strains and the electrical strains as follows [13]

(14)

a, = S i, (E r — ea)	 (17)
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where S„ is the stiffness matrix of the piezoelectric material which has the usual
form associated with an orthotropic material. By substituting Equation (16) into
Equation (17) and rearranging terms we obtain

ap

 = S:e, — Sp (d.(7) + X(t)2)

	
(18)

where SP is a modified stiffness matrix

S 14; = (1 — # (—et	 (19)

and I is the 3 x 3 identity matrix. Inspection of Equations (18) and (19) reveals
that for a specified applied voltage e and applied stress ap , the total strain E, in
a piezoelectric material may in fact be determined directly, without the need of
iteration.

3.3 Internal Strain Energy

Having defined the stresses and strains in the element, we may now express the
variation of the strain energy SU in Equation (2) as [38]

SU = (5 . 	 (ETS*E — 2fTF,*,)dA)
Si

where [ I T represents the transpose of a matrix or vector and S* represents a
modified stiffness matrix which has the form

S * = S — 2Se/1 ± Se/ 2	 (21)

S, and S,2 are the contributions due to the nonlinear piezoelectric material be-
havior [Equation (16)] and are identical in form to the stiffness matrix S given by
Equation (9). However, when computing the A, B, and D matrices in this equa-
tion, only the piezoelectric plies are included and the off-axis ply stiffness matrix
for the kth piezoelectric ply, Q k , is replaced by (Qik(elt)) k in the case of S,,,
and by ( VQ0(elt)2 )k in the case of Se/ 2.

In Equation (20), 1F'`, represents the generalized electrical force vector which
results from the application of a voltage assuming deformation is restricted. F';',
has the form

= Fell+ Fe/2 + Fe/3	 (22)

1F, is expressed as    

Fey, —
M o,„
M

0

(23)

(20)
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where 1SL, represents in-plane electrical stress resultants, M ae„ global electrical
moment resultants, and M, ,„ local electrical moment resultants carried by the
local bending of the upper (t) and lower (b) face sheets. The final entry in Ell
is a 2 x 1 vector of zeros indicating that the application of voltages produces no
transverse shear stress resultant. The equations for the three stress and moment
vectors are [37]

= 	 = E Q k ke k	 (24)
N,,, „,	 k=1

illle,„	 11,11

M o,„ = 1110 „' = cl,,	 E
Mo	 A=1

Qkdkek)	 d, 	 Q k We') (25)
k=

where Q k is the off-axis ply stiffness matrix for the kth ply, and ne,, ne,„ and n,,,,
are the total number of piezoelectric plies, the number of piezoelectric plies in
the upper face sheet, and the number of piezoelectric plies in the lower face
sheet, respectively. zt and zt are the z-coordinates of the top surface of the kth
ply as measured from the middle surface of the upper and lower face sheets, re-
spectively (Figure 9).

The remaining terms on the left side of Equation (22), Fe/2 and F, 3 are identi-
cal in form to F en given by Equation (23). However when computing the Nel,
M„„ and M, ,, in Equations (24) through (26), ()" is replaced by ( 1P - Q (elt))k in
the case of Fe/2 and d k is replaced by (x— (elt)) k in the case of Fe/3.

3.4 Potential of External Forces

The variation of the potential of the applied external forces 6V, may be ex-
pressed as [35]

6Ve = 61/Bc + 6V;3c	 (27)

.51/B, represents the variation of energy that would be stored in the supports re-
straining the element if the supported boundary locations were elastic. 61/:,c. rep-
resents the variation of energy that would be stored in "fictitious" supports
employed to prevent rigid body motion.

3.4.1 POTENTIAL OF SUPPORTS 6 VBC
The external forces considered here are introduced via the element supports.

The displacements at the supports are defined to be zero, which implies that no
energy may be stored. However, this constraint is enforced using a penalty
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(a)

(b)

Figure 10. Displacement directions for the supports at (x„ y,): (a) linear displacements and
(b) rotations.

method as follows. At a given support (denoted by the subscript r) the energy
stored Wfic, may be expressed [39]

1

	

6V,,, ,	 =	 ,5	 L X, Qi

h' i=1

_ 6	 2)

Q i through Q 3 and Q 4 through Q 6 represent, respectively, linear and angular dis-
placements at the support considered (Figure 10)

aV

	

Q i = u(x„y• )	 Q4 = x )(,,y0

	

(awl
Q2 = “x„.Yr)	 Q5 = A,	 (29)

(xrar)

aw

	

Q3 = W (X, ,Yr)	
Q6 = ay (.,,Y,)

(28)
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(x„ y,) are the coordinates of the support. Note that if a support is applied on the
top or bottom surface, the displacements at that support must be expressed in
terms of the displacements at the corresponding location on the reference surface
(see Section 3.5). X is a penalty multiplier corresponding to each of these dis-
placements. The value of X reflects the magnitude of the permissible boundary
displacement. At a fixed support no linear or angular displacements are per-
mitted, while at a hinged support only angular displacements are permitted. For
permissible displacements the corresponding value of X is set equal to zero. If a
displacement is not permitted, the corresponding X is set to a high value. As with
all penalty multiplier methods, care must be taken to use a value of X that is not
so large as to cause the problem to become ill-conditioned. It was found that the
value of X, = 1 x 10' results in satisfactory solutions for the problems analyzed
in this investigation.

Equation (28) must be applied at every support. Thus (51/Bc is the sum of all the
V,,c,

6vB, = 6
1

 E BC,)
supports

A built-in support is approximated by a number of adjoining discrete fixed sup-
ports.

3.4.2 POTENTIAL OF FICTITIOUS SUPPORTS OV 1;c
By applying a voltage to the piezoelectric actuators the element cannot undergo

rigid body motion, it can only change its shape. However, the solution technique
employed here relies on assumed functions for the displacements. The forms of
these functions are general and may result in solutions which include rigid body
motions. These rigid body motions are removed from the solution by forcing
selected displacements of the new and original shapes to match. This removal is
accomplished by the following procedure.

Nonpermissible rigid body motion appears in the solution under three typical
circumstances: (1) the element is not restrained at any point, (2) the element is
hinged at one point only, or (3) the element is hinged at two or more points, these
points being at colinear locations (Figure 11). In the first case, the rigid body mo-
tion is eliminated by adding a fictitious support which prevents three rotations
and three displacements [Q 1 through Q6 in Equation (29)] at some reference
point. In the second case, the rigid body motion is eliminated by adding a
fictitious support which prevents three rotations (Q 4 through Q 6 ) about the actual
support point. In the third case, the rigid body motion is eliminated by adding a
fictitious support which prevents rotation (either Q 4 , Qs, or Q 6 ) about the line con-
taining the actual colinear hinges.

The variation of the potential energy at the fictitious supports Wilc is then
calculated analogous to (51/ 8, [see Equation (30)].

(30)

3.5 Displacements and Strains throughout the Element

The above analysis is formulated using the displacements and strains at the ref-



430	 DAVID B. KOCONIS, LAszLO P. KOLLAR AND GEORGE S. SPRINGER

Actual Element Supports	 Fictitious Element Supports

1) No Actual Supports	 Restrict liner and rotational
cisplacements here

2) One Hinge Support Restrict rotational
displacements here

Restrict rotation
about this line

3) Colinear Hinge Supports

Figure 11. Possible support conditions requiring fictitious supports.

erence surface. It may be required to determine the displacements and strains at
other locations through the thickness of the element. For example, if there is a
support applied on the top or bottom surface as mentioned in Section 3.4.1, the
displacement at the top or bottom surface of the element must be expressed in
terms of the displacements at the reference surface. To express the displacement
anywhere in the element, the element is divided into three regions: (1) the top
face sheet, (2) the bottom face sheet, and (3) the core. In each of these regions
a different expression applies for the displacement. The expressions for the dis-
placements up , v„, and w,, of a point P in the element in each region are obtained
by considering the geometry of the deformed cross section (Figure 12) and ap-
pear in Table 2. The in-plane strains e = , Ey , , and 7, at point P in the face sheets
and core of the element may now be obtained by substituting the expressions in
Table 2 into the corresponding expressions in Table 1. The shear strains in the
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dx	 dx

Figure 12. Illustration of a deformed section of the element showing the point P in the top
face sheet, the core, and the bottom face sheet.

face sheets are zero, while those of the core, -yL and 7,,C defined in Appendix A,
may be obtained by substituting the expressions in Table 2 into Equations (A.3)
and (A.11).

4. METHOD OF SOLUTION

In this section we develop the solution to the equations developed in the previ-
ous section for the problem in which the geometry of the structural element con-
taining the piezoelectric actuators as well as the voltages applied to the piezoelec-
tric actuators are specified and it is required to find the change in shape (new
shape) of the structure under the applied loads.

Table 2. Expressions relating the displacements throughout the
element to the displacements at the reference surface.

	

Top Face Sheet	 Core	 Bottom Face Sheet

aw
up 	u + cb,,d t + zr ( 	u + (/)„z	 u-cl)xdb+

zbax

	

aw	 aw
vp v + Oy dt +	 v + oy z	 v - Oy dp + 473i;

w,



3

E u!° fr'; 
= 1

10
E
;= 1
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4.1 Calculation of the New Shape

Calculation of the new shape requires that the displacements u, v, and w and
the rotations and  / be known. As a first step in the solution, expressions are
chosen for the displacements and rotations. These expressions can be written in
the symbolic form

C = E c i s i (x,y)	 (31)

Here C stands for either u, v, w, 0, or C. ci are as yet unknown constants. s i is
a polynomial function which depends only on the in-plane off-axis x and y coor-
dinates. Functions applicable to the six geometries considered in this study
(Figure 2) are given in Table 3. In this table u 1 , v 1 , w,, a, and 0, represent the
unknown constants. This table should be used as follows. The expressions given
in Table 3 represent the functions to be used for straight beams or for plates
(where z o is a zero or first order polynomial) and for curved beams or for shells
(where z o is a second order polynomial). For surfaces described by third or
higher order polynomials, the expressions for u and v must be modified. If z o is
a polynomial of order m, then f cb or f s and g° (depending on whether the surface
is a curved beam or a shell, respectively) should be of order 3 + (m — 2). Note
that the table is for z o which is a second order polynomial, in which case m = 2
and f", f s , and gs are third order. Displacement functions selected in this manner
are the minimum functions which insure that the inextensional deformations [40]
are included. Omitting these deformations can produce errors in the calculations
which may be several orders of magnitude.

Table 3. Suitable expressions for the displacements and rotations.

Straight beam

Curved beam

Rectangular or
circular plates

Rectangular or
circular shells

6	 3

E
w sbh sb	 E a sbpsb

i = 1	 = 1

63

E	 E acbpcb

i= 1 	;= 1

3	 3	 6	 3	 3

E uf ff	 E vfgf	 E wfhf	 E afp;?	 Eofrf
i = 1	 i = 1	 ;=1	 i= 1 	i = 1

10	 10	 6	 3	 3

E uT	 E tqg	 E tiff17	 E 0;FP?	 E OW

i = 1	 i =1	 i = 1	 i = 1	 i=1

f sb psb , pcb	 { 1,x}
	

fP, gP, pP, rP, p s, r s = 11,x,y1
hob, hob = {1 ,x,x'}
	

hP, h s = {1,x,y,x',xy,y2}
f ob = (1,x,x2,x3)
	

f s , g s =
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The first set of calculations to determine the displacements (as described
subsequently) should be done with f, g , h, p, and r as discussed above. How-
ever, in some cases higher order polynomials are required to achieve accurate
results. Therefore, the order of f, g , h, p, and r should be increased, and the
calculations repeated. The resulting displacements should be compared with
those obtained previously. When no significant improvement is obtained, the
calculations are stopped.

The unknown constants u, w,, a, and 13 are determined as follows. The
strains are expressed in terms of the displacements using Equation (4). The elec-
trical force vector is evaluated using Equations (24) through (26). The resulting
expressions are substituted into Equation (20) to obtain the variation of the strain
energy SU. The variation of the potential of the applied external forces 1511 is then
expressed in terms of the displacements using Equation (27). After performing
these algebraic manipulations, the variation of minimum potential energy [Equa-
tion (2)] becomes

011(e) = S(C T (R i + R,)e + R 2 C)	 (32)

where C is the vector of the unknown constants

C = w
a

and R,, R 2 , and R, are defined in Table 4. In this table T„, is the transformation
matrix which gives the combined strain vector c when multiplied by C, i.e.

E = T„X	 (33)

The actual expression for this transformation matrix is in Appendix B.
The unknown constants C are then evaluated from

all 
=ac,

(34)

The result is

C = (R, +	 + R s„,, + RL„)-1 R2	 (35)

It is important to note that Equation (35) is a linear set of algebraic equa-
tions. Hence C can be found in a straightforward manner (without the need for
iteration) even though the piezoelectric material may behave nonlinearly with re-
spect to the applied voltage. This linearity of the equation results in simpler and
faster solutions than the procedures employed previously for problems with a
similar type of material behavior [13].
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Table 4. Definitions of terms appearing in Equation (34).

Term	 Origin	 Definition

R 1	total strains	 ,i1",,eS"Tuedxdy

R2	electrical strains	 —	 T,T,eF:,dxdy

Rs“,	 energy of the supports 	 (see below)

For all three displacements and all three rotations supported at (x,,y,)

X i f Tf	 0	 0
	

0

agT ag

gTg 
a3 a

ah r an	 ah r an	 0
+ 4—ax —ax + 4—ay —ay

0 0	 0 (xr•Yr)

From the known values of C, the displacements and strains at the reference
surface may be calculated from the expressions given in Tables 3 and 1. The dis-
placements and strains at other locations can be calculated from the relationships
in Section 3.5. The stresses may be obtained using stress-strain relations found in
Reference [37].

It is noted that changes in the temperature may also result in a change of shape.
The effects of temperature are included in Reference [33].

4.2 Numerical Implementation

Solutions to the aforementioned equations must be obtained by numerical
means. To generate numerical results, a user-friendly computer code designated
as SHAPE1 was written. Two points must be mentioned regarding the numerical
implementation. The calculations require that the integrals

1	
Tf,S*T„,dxdy,	 T,7 B,1'*idtdy

	
(36)

4	 Si

be evaluated over the entire domain II (see Table 4), where S* and F,*, are known
functions of x and y. For a rectangular domain the integration can be performed
using Simpson's rule [41]. For a circular domain Simpson's rule had to be
modified, and the integration procedure is described in Reference [33].
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In the numerical calculation of the above integrals, the functions S* and F are
evaluated at a prescribed number of designated (x, y) locations, called integration
points (Figure 13). The locations of these points are specified by the number of
divisions chosen in the x- and y-directions. The values of these functions depend
on the stiffness and on the electric force applied to the element at the integration
point. The stiffness and electric force at an integration point depend, in turn, on
whether or not there is a patch at that point and whether the patch is located on
the top or bottom surface of the element. Therefore, at each integration point, the
stiffness matrix and the electric force vector are the sum of the stiffness and elec-
tric force of every layer in the substrate of the element plus the stiffness and elec-
tric force of the corresponding patches covering that point (Figure 13).

5. VERIFICATION

In order to validate the model and the SHAPE1 computer code, results calcu-
lated by the code were compared to other analytical, numerical, and experi-
mental results. The following five problems were included in these comparisons:

1. Cantilever, straight, sandwich beam
2. Cantilever, straight beam made of two continuous piezoelectric layers
3. Flat, rectangular, composite plate with two continuous piezoelectric layers
4. Flat, rectangular, composite plate with piezoceramic patches
5. Composite cylindrical shell with one continuous piezoelectric layer

The numerical results generated by the SHAPEI code were obtained using the
material properties listed in Table 5.

Integration
Point

X

0

O Use Substrate Stiffness Only
• Use Substrate Plus Patch 1 Stiffnesses
O Use Substrate Plus Patch 1 & 2 Stiffnesses
O Use Substrate Plus Patch 2 Stiffnesses

Figure 13. Illustration of the integration points for numerical calculation of the integral over
the domain.
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The piezoelectric film behaves in such a way that the relationship between in-
duced strain and applied voltage is linear [42] [see Equation (11)] and may be
characterized by two material constants d31 and d32 . The values of these proper-
ties for KYNAR piezoelectric film are given in Reference [42] and are included
in Table 5.

The piezoceramic material behaves in such a way that the relationship between
induced strain and applied voltage is nonlinear [see Equation (16)], and, by
assuming isotropy, may be characterized by four material constants d31, X31,
and 1112 [see Equation (15)]. These constants were determined using the data of
Crawley and Lazarus who generated these data for the specific purpose of obtain-
ing the characteristics of the Piezoelectric Products G-1195 piezoceramic (Section
4 in Reference [13]). Crawley and Lazarus performed three tests, the first with an
G-1195 unconstrained piezoceramic plate, the second with a G-1195 piezoceramic
plate sandwiched between two aluminum plates, and the third with a G-1195
piezoceramic plate sandwiched between two orthotropic composite plates. We
obtained the properties d31 , ‘Gi, and X112 by matching the results generated by
SHAPE1 to the data of Crawley and Lazarus for the above three configurations
(Table 5).

Crawley and Lazarus measured in-plane strains on the surface of an un-
constrained G-1195 piezoceramic plate. The results are shown in Figure 14. We
calculated the strains for this G-1195 piezoceramic plate using the SHAPE1 code
with the present four-parameter material model given by Equation (16). The
results are included in Figure 14. As is seen the four-parameter model describes
the data very accurately.

5.1 Cantilever, Sandwich Beam

We consider an 8.0 inch long and 1.0 inch wide cantilever beam consisting of
a 0.60 inch thick isotropic core and two 0.35 inch thick aluminum face sheets
(Figure 15). A load of P -= 100 lbf is applied at the tip. The deflection along the

Table 5. Material data used in the calculations.

Al Core T300/976 AS4/3501 KYNAR G-1195

Thickness (in) 0.35 0.60 0.005 0.00545 0.00433 0.01
E. (Msi) 10 21.75 20.74 0.29 9.137
Ey (Msi) 10 - 1.305 1.407 0.29 9.137
E, (Msi) 3.85 - 1.03 0.8702 0.1124 3.510
v,„ 0.30 - 0.30 0.30 0.29 0.30
G„ (Msi) 0.21 - - - -
Gyz (Msi) - 0.21 -
d„ (in/V x 10- 9 ) 0 0 0 0 0.9055 10.4
dz, (in/V x 101 0 0 0 0 0.1811 10.4
X3 , (in'/V'	 x	 10- 15 ) 0 0 0 0 0 5.29
iy, (in/V	 x	 10- 6) 0 0 0 0 0 25.2
W] (in/V x	 10- 6) 0 0 0 0 0 -6.40
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Figure 14. Induced in-plane strain in an unconstrained G-1195 piezoceramic plate.

length of the beam was calculated by the SHAPE1 code and by the model pre-
sented by Allen [32]. Note that the method for including the tip load in the analy-
sis used by SHAPE1 is discussed in Appendix C. Allen's results were obtained
both when shear deformation is present and when shear deformation is neglected
inside the core. The calculated deflections are compared in Figure 15. The deflec-

0	 2	 4	 6	 8

Distance Along x (in)

Figure 15. Deflection along the length of a cantilever, sandwich beam. The 0.35 in face
sheets are aluminum, and the 0.60 in core is aluminum honeycomb.



C

0

'3)

F-

0.25

0.20

0.15

0.10

0.05

0.00

0 ..........,.....

0

3.15 ill

0	 0

0.394 in

1

0.00866 on

o	 Lee & Moon data

Lee & Moon model

SHAPE1

438	 DAVID B. KOCONIS, LAszLO P. KOLLAR AND GEORGE S. SPRINGER

tions calculated by the SHAPE1 code and by Allen's method (when shear defor-
mation of the core is included) agree extremely closely.

Although this problem does not include piezoelectric effects, it demonstrates
that SHAPE1 considers accurately the effects of shear deformation of the core.

5.2 Cantilever, Piezoelectric Beam

We consider a 3.15 inch long, 0.394 inch wide and 0.00866 inch thick cantilever
beam made of two 0.00433 inch thick KYNAR piezoelectric film layers (Figure
16). The top layer is polarized in the direction of the applied voltage and the bot-
tom layer is polarized in the direction opposite the applied voltage. A voltage is
applied across the beam such that the top layer expands while the bottom layer
contracts causing a deflection. The tip deflection was calculated by the SHAPE1
code. The tip deflection was also calculated analytically by Lee and Moon [14]
using a Bernoulli-Euler beam model. Lee and Moon also reported experimen-
tally measured tip deflections. Lee and Moon's analytical results and data as well
as the results of SHAPE1 appear in Figure 16. The tip deflections given by
SHAPE1 are in excellent agreement with Lee and Moon's experimental and ana-
lytical results.

5.3 Composite Plate

We consider a 6.0 inch by 4.0 inch T300/976 graphite/epoxy composite plate
with a [ + 30/ — 30], layup (Figure 17). There is a 0.004 inch thick continuous
layer of KYNAR piezoelectric film bonded to the top and bottom surfaces. Each

0	 100	 200	 300	 400
	

500

Applied Voltage (V)

Figure 16. Tip deflection of a cantilever, piezoelectric beam.
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orAAIII.„NAR #1 

[+30/-3; - T300/976

KYNAR #2 
6.00

4.00

'All units in inches

Figure 17. Flat, rectangular, composite, piezoelectric plate.

piezoelectric layer is mechanically isotropic but has orthotropic voltage versus
strain behavior. The piezoelectric layers' orientations are such that the direction
of largest strain is in the y-direction (see Figure 17). The top piezoelectric layer
is polarized in the direction of the applied voltage and the bottom layer is
polarized in the direction opposite the applied voltage. A voltage of 100 volts is
applied across both films so that the plate is actuated in pure bending.

The deflections along the two perpendicular centerlines were calculated using
the SHAPE! code. The deflections were also calculated by an analytical plate
solution described in Reference [33]. The results are presented in Figure 18. As
can be seen, the deflections calculated by the SHAPE1 code agree extremely well
with those calculated by the plate solution.

5.4 Composite Plate with Piezoceramic Patches

We consider an 11.5 inch long and 6.0 inch wide AS4/3501 graphite/epoxy
composite plate (Figure 19). We investigated two plates: one with a [0/ + 45/
—45], layup and one with a [ +30 2 /0], layup. The 0° direction is along the length
of the plate. Isotropic G-1195 piezoceramic patches are applied on the top and
bottom of the plates in the manner shown in Figure 19.

For the [0/ + 45/ —45], plate 100 volts was applied across the patches, and for
the [ +302/0], plate 120 volts was applied across the patches. The voltage across
the patches on the bottom surface of the plates was applied in the same direction
as the polarization of the patches while the voltage across the patches on the top
surface of the plate was applied in the direction opposite to the polarization of the
patches. Therefore, the patches on the bottom surface expanded while those on
the top surface contracted causing an out-of-plane deflection.

The deflections along the longitudinal centerline of both plates were calculated
by the SHAPE1 code. These results were then compared in Figure 20 with the
deflections given by the model proposed by and the experimental data obtained
by Crawley and Lazarus [13]. The results in the figure show good agreement be-
tween the SHAPE1 code and the model and the data of Crawley and Lazarus.
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5.5 Composite Shell

The aforementioned sample problems apply to flat beams and plates. No ana-
lytical or experimental results are available for the shape change of curved ele-
ments. Tests were therefore performed with a curved element to generate data
which can be compared to the results of the model.

A 10.6 inch long and 6.0 inch wide rectangular shell was constructed of six
layers of T300/976 unidirectional graphite/epoxy tape (Figure 21). The layup was
[90/ + 60/ — 60], with the 0° direction along the longitudinal direction. The
radius of the inner surface was 12.0 inches. A continuous layer of KYNAR
piezoelectric film [42] was adhesively bonded to the outer radius surface by Loc-
tite DEPEND adhesive. The piezoelectric film is mechanically isotropic but has
orthotropic voltage versus strain behavior. The piezoelectric layer's orientation is
such that the direction of largest strain is in the lengthwise direction.

One of the corners of the shell was clamped. A voltage was applied across the
film and the deflections of the two furthest corners were measured with a
Schaevitz 100 HR-DC Linear Variable Differential Transducer (LVDT) (Figure
21). The deflections at the corners were also calculated by the SHAPE1 computer

-2
	 -1	 0	 1
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-3	 -2	 -1	 0	 1	 2
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Figure 18. Centerline deflections of a composite plate (see Figure 17).
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11.5 in 

O 

G-1195 piezoceramic patches

0.01 in

AS4/3501
	

	 0.0327 in

0.01 in

- Patch Dimensions are inches

- Spaces between patches and between
patches and edges are 0.25 in

Figure 19. Composite plate with G-1195 piezoceramic patches.

code for different applied voltages. The numerical results and data are compared
in Figure 22. Generally eight measurements were recorded at each corner for
each voltage. At each voltage, the average of the measurements is represented by
the circles in Figure 22 and the length of the error bars in the figure is two stan-
dard deviations. Again there is good agreement between the results of the
SHAPE1 code and the data.

The aforementioned comparisons presented for the five problems show that, at
least for these problems, the SHAPE1 code describes the changes in shape of
plates and shells with good accuracy. These results lend confidence to the
SHAPE1 code.

6. SAMPLE PROBLEMS

Solutions to sample problems were obtained to illustrate the capability of the
SHAPE1 code and the type of results provided by the code. The following five
cases were studied:

1. Straight, composite, sandwich beam
2. Curved, composite, sandwich beam
3. Flat, rectangular, composite, sandwich plate
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4. Composite, cylindrical, sandwich shell
5. Composite, axisymmetric, sandwich shell

Each of the above structural elements consisted of a 0.10 inch thick aluminum
honeycomb core covered on each side by a T300/976 graphite-epoxy face sheet
(Figure 23). There was a 0.004 inch thick layer of KYNAR piezoelectric
film placed on the top and bottom of both face sheets. Thus, the layup was
[p/ ±45/0/p/core/p/0/ 45/p] with the 0° direction aligned with the x-axis. Each
structure was rigidly supported at its midpoint.

In each of the first four problems, 400 volts was applied across each piezoelec-
tric layer, while in the fifth problem, 200 volts was used. The voltage was applied
in a direction opposite the polarization of the layers 1 and 2 and in a direction
aligned with the polarization of layers 3 and 4. This combination of voltages
caused layers 1 and 2 to contract while layers 3 and 4 expanded, and the resulting
new shape was calculated. The material properties used in all calculations are
listed in Table 5.

The first two problems considered 8.0 inch long and 1.0 inch wide straight and
curved beams. For the curved beam, the reference mid-surface was described by
the function z. = —0.05 x x 2 . The third problem was an 8.0 inch long and 6.0

Distance Along x (in)

Figure 20. Deflections along the longitudinal centerline of a composite plate with piezo-
ceramic patches for two different lay-ups (see Figure 19).
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Figure 22. Deflection at the remote corners of the composite shell (see Figure 21).
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Figure 23. Cross section of the sandwich construction used in the sample problems.



3
	  Original shape

 Deformed shape
2 ft1.111E=300

Shape Control of Composite Plates and Shells with Embedded Actuators. I. 	 445

inch wide flat plate, while the fourth problem was an 8.0 inch long and 6.0 inch
wide cylindrical shell with the reference mid-surface described by the function
zo = —0.05 x x 2 . The fifth problem was an axisymmetric cap with reference
mid-surface given by zo = —0.05 x (x 2 + y 2). The shape changes of each of
the above five structural elements are given in Figures 24 and 25.

In the aforementioned problems, it was assumed that the piezoelectric film was
continuously covering the entire surface. To illustrate the use of the SHAPE1
code with patches, one sample problem was studied where the shape was
changed by the use of piezoelectric patches. In this problem, the deflection of an
8.0 inch long and 1.0 inch wide straight beam was investigated. The cross section
of the beam has an aluminum honeycomb core covered with T300/976 graphite-
epoxy face sheets as shown in Figure 23, but without the KYNAR piezoelectric
layers. Instead, two 2.0 inch long, 1.0 inch wide and 0.01 inch thick KYNAR
piezoelectric patches were placed on the beam, as shown in Figure 26. Four
hundred volts was applied to each patch in a direction opposite the polarization
of the patch so that both patches contracted. The shape change caused by the ap-
plication of this voltage is shown in Figure 26.

The results of the above sample problems illustrate the applicability of the
SHAPE1 code to several geometries.

7. CONCLUDING REMARKS

A model was developed which describes the changes in shapes of composite
beams, plates and shells containing embedded and surface mounted piezoelectric
actuators. The model provides the changes in shape for specified applied voltages
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Figure 24. Change in shape of a straight sandwich beam, a curved sandwich beam, a flat
sandwich plate, and a cylindrical sandwich shell induced by applied voltage (see Figure 23
for element cross sections).
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Figure 25. Change in shape of an axisymmetric sandwich shell induced by applied voltage
(see Figure 23 for element cross section).
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Figure 26. Change in shape of a composite sandwich beam with piezoelectric patches. The
face sheets are T300/976, the core is aluminum honeycomb, and the patches are KYNAR
film.



Shape Control of Composite Plates and Shells with Embedded Actuators. I. 	 447

to the actuators. This information is needed in the design of piezoelectric actuator
systems. In the design, parametric (sensitivity) studies are made with the
SHAPEI code, generating numerous results for different types, shapes, and loca-
tions of actuators. From these results, the actuator configuration which is most
suitable for the given application is to be selected.

During field service, the voltages are needed which must be applied to achieve
specified desired shapes. A model applicable to this problem is described in the
companion paper [1].

APPENDIX A: THE SANDWICH STIFFNESS MATRIX

The element is of sandwich construction with thick faces consisting of two face
sheets and a core (Figure 9). In the analysis the material is incompressible in the
z-direction, and the core is "antiplane" (i.e., it resists no in-plane loads and has
finite transverse shearing rigidity [32]). In addition, the transverse shear stress
distribution existing in the faces is assumed to be linear (Figure A.1). Finally the
face sheets behave as predicted by Classical Laminate Plate Theory [37].

The stiffness matrix for this sandwich construction S relates the combined
strain vector E to the vector of force resultants F by [see Equation (8)]

Or

N:M1

Q

S 11
S21
S31
S41

F = Se

S12	 S13
S22	 S23
S32	 S33
S42	 S43

S14
S24
S34
S44

E,
X,
X

(A.1)

(A.2)

In order to obtain the entries in the stiffness matrix a unit displacement method
is used. The force resultants required to give a unit magnitude for one of the four
vectors in the combined strain vector E and zero magnitude for the other three
vectors in E gives the corresponding column of the stiffness matrix. This method
may be readily applied to determine the entries in S corresponding to the refer-
ence surface strains Eo (S it through S 14 ) and shear strains y (S14 through S44)
because these strains may each be applied independently of the other strains in
E. Figure A.2 illustrates this procedure in one dimension to facilitate visualiza-
tion of the physical processes occurring. However, x and x o may not be applied
independently of the other strains in E. This result may be shown for the
x-components of the curvature vectors by taking the first derivative with respect
to x of the definition of	 (Table 1)

a w
= — —ax

(A.3)
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Shear Stress Distribution

Deformed Sandwich

Figure A.1. Shear stress distribution through the thickness of the sandwich.
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Figure A.2. (a) Unit Ex applied with all other strains held at zero. (b) Unit .y, applied with all
other strains held at zero.
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which gives

ay==
	 ac

ax	 ax e 	ax

Therefore, applying a unit x and keeping xo zero implies the first derivative of
-y is unity, and thus, 1, varies linearly. A similar argument reveals that applying
a unit xo while keeping x zero must also be accompanied by a linear variation of
y. These two configurations are shown in Figure A.3 also in one dimension only.

To determine the matrices making up the first column of S, a unit co is applied
while x o , x, and -y are kept zero [Figure A.2(a)]. Physically this displacement
field corresponds to in-plane stretching of the entire sandwich. Since the core is
assumed to carry only transverse shear, the only nonzero force resultants re-
quired to hold this configuration are N, M o , and M,. The following relations are
obtained using force equilibrium relations

N = (A, + A b )c = S 11 c> (A.5)

M. = (db A,, — d,A,)c = S21Eo (A.6)

M, = (B, + B b )f = S31€. (A.7)

Q = 0 = S4if. (A.8)

(see Section 3 for definitions of the symbols). Equations (A.5) through (A.8) pro-
vide S11, s21, 5, 1 and S41 which comprise the first column of S.

The matrices making up the fourth column of S are obtained by applying a unit
-y while keeping E., X., and x zero [Figure A.2(b)]. This displacement field cor-
responds to a pure shearing of the core with no deformation of the face sheets.
A distinction is made in the sandwich theory between -y and y'. y' is the shear
strain of the core which is the angle between a line in the core which is originally
normal to the reference surface and the normal to the deformed reference surface
(Figure A.1). While y, the shear strain of the sandwich, is defined as the angle
between the line through the mid-surfaces of the two face sheets and the normal
to the deformed reference surface. From equilibrium relations the shear stress re-
sultant in the core Q. is [32]

Qo _ [cos 0
[ sin	

— sin	 [G c 3	0	 [ cos 0	 sin 01 ,
cos 0	 0	 — sin B cos 0 7

where 0 is the orientation angle of the core principal axis and G13 and GZ3 are the
on-axis transverse shear stiffnesses of the core in the 1-3 plane and the 2-3 plane,
respectively (Figure 6). d is the distance between the midplane of the upper face
sheet and the midplane of the lower face sheet, and c is the thickness of the core.
It is desired to obtain the relation between the shear stress resultant for the sand-
wich Q and the rotation -y given the through-the-thickness shear stress distribu-

(A.4)

(A.9)
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Mt

Mo

(b)

Figure A.3. (a) Unit x 0. applied with linear yxz and all other strains held at zero. (b) Unit xx
applied with linear 7.z and all other strains held at zero.

tion shown in Figure A.1. Integrating through the thickness of the element, the
sandwich shear stress is related to the core shear stress by

Q = Qo (A.10)

By using small displacement approximations, the rotation y is related to the rota-
tion y' by

C
Y = dY (A.11)

The entries in the fourth column of the stiffness matrix are then obtained by sub-
stituting Equations (A.10) and (A.11) into Equation (A.9) and noting that the pres-
ence of a shear strain y produces zero force resultants N, M o and M,. This gives

N = 0 = S '47 (A.12)

M o = 0 = S247 (A.13)
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[ cos 0	 sin 0
sin 0	 cos 0]
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(A.14)

(A.15)

Now the matrices in the second column of S may be obtained by applying a unit
x o while keeping co and x zero, and as discussed previously, applying a linear
variation of y [Figure A.3(a)]. This displacement field corresponds to a rotation
of the midplanes of the core but no curvature change in the face sheets. From
force equilibrium relations, keeping in mind that the presence of y produces no
resultant N, M o , or M,, the following equations are obtained

N = (db A b — d,A,)x o = Si2x0 (A.16)

M o =	 + diA b )x. = S22x. (A.17)

M I = (db Bb	d,B,)xo = S32x0 (A.18)

Q = SeuX o + S447 (A.19)

Equations (A.16) through (A.18) provide S 1 2, S22, and S32 which, along with the
fact that S42 = 0 [Equation (A.13) and symmetry of S], comprise the second
column of S.

Finally, the matrices in the third column are obtained by applying a unit x
while keeping E, and x, zero, and as before, applying a linear variation of y
[Figure A.3(b)]. This displacement field corresponds to a constant curvature of
the face sheets with zero overall curvature of the core (i.e., normals to the core
reference surface remain vertical which implies that the core undergoes some
shearing deformation). From force equilibrium equations the following equations
are obtained

N = (B, + Bb )x = Si3x (A.20)

M o = (db B b — d,B,)x = S 23X (A.21)

M1	 (D, + D b )x — S 33X (A .22)

Q = S 43x + S447 (A.23)

Equations (A.20) through (A.22) provide S 13 , S23, and S 33 which, along with the
fact that S43 = 0 [Equation (A.14) and symmetry of S], comprise the third col-
umn of S. Recall that from energy principles, the stiffness matrix relating the
strains to the force resultants must be symmetric. Examination of the above deri-
vation confirms that the matrix S is indeed symmetric.
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For a core with no shear deformation or for a solid laminate, the stiffness
matrix reduces to the classical stiffness matrix given in Reference [37].

—
NI _ [A 113] ifol (A.24)MB D x

where A , B, and D are the Classical Laminate Plate Theory stiffness matrices for
the sandwich about a reference surface. This result may be shown as follows. In
the present analysis the strains include transverse shear deformations in the cur-
vatures x o and shear strain in the core -y. In the absence of these deformations,
x and x o are identical and 7 is zero. Also, in the present analysis the moment re-
sultant is split into two parts, the global moments M o and the local moments M,,
whose sum is the cross section moment resultant M. Using the above informa-
tion, Equation (A.2) may be rewritten

M. N± M/} = [ S„ S11 S31 S22 + S23 +_S 2123 +. SS 3132 + S 331 if;}
(A.25)

where 7 and its corresponding entries in the stiffness matrix S have been removed
since the former is zero.

Using the parallel axis theorem [37] to relate the stiffness matrices of the face
sheets used in the present analysis to A, B, and D in Equation (A.24) yields the
following

A = A, + Ab

B = B, — d,A, +	 + dbAb	 (A.26)

D = D, — 2d,B, +	 + D, + 2db Bb + diAb

By substituting the relations in Equation (A.26) into Equation (A.24) the result-
ing stiffness matrix S,„ obtained using the analysis of Classical Laminate Plate
Theory is

S a
e
„ =

	A, + A b	 B,	 + Bb db A b
[B,	 + Bb + db A, D, — 2d,B, +	 + Db + 2413, + df,Abi

(A.27)

Now substitution of the previously developed expressions for the entries in the
sandwich stiffness matrix S into Equation (A.25) gives

S reduced

+ bAb

	

[ B, dr AA: ++ BA:	 B‘ d	+ dbAb	 D, — 2d,B, di AA: + B+ D: + 
dbBb

diA

(A.28)
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By comparing Equation (A.27) with Equation (A.28) it is evident that the clas-
sical stiffness matrix, S,,, and the stiffness matrix of the present analysis re-
duced for the case where transverse shear deformations are absent, S r,c,d , are
identical.

APPENDIX B: TRANSFORMATION MATRICES

where T_ is given by

T„, =

—a f
0

ag
0

ay

a f	 ag

ay	 ax

0	 0

0	 0

0	 0
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o	 o
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(B.2)

— —
ax 2 h—ax
32z0—	 hay2

32z0—2 ax ay 
h

0

0

0

a2h
—

x2

a2h
— 33,2

2n
— 2 axay

an
ax

an
ay

The transformation matrix L. gives the combined strain vector E when mul-
tiplied by the vector of unknown constants C

TuXE = (B.1)
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In Equation (B.2), f, g, h, p, and r represent the trial functions used for the dis-
placements u, v, w, (/), and 0.„, respectively (see Table 3).

The transformation matrix T. gives the displacements along an x_= constant
boundary X, when multiplied by the vector of unknown constants C

X,, = Tux

where T	 is given by

(B.3)

f 0 0 0 0-

0 g 0 0 0

0 0 0 p 0

0 0 0 0

an
oo—oo

ax

0 0
an
.Ty 0 0

0 0 h 0 0

The transformation matrix T,,y gives the displacements along a y = constant
boundary Y b when multiplied by the vector of unknown constants C

Yb = T,„,E

where T„, is given by

(B.5)

—0 g 0 0 0

f 0 0 0 0

0 0 0 0

0 0 0 p

ah
o o -a.T? o o

an
o o yx o 0

0 0 h 0 0

= (B.4)

Tuy = (B.6)
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APPENDIX C: BOUNDARY LOADS

C.1 Method of Analysis

Loads applied along the boundaries of the element may be included in the anal-
ysis by modifying Equation (27). The variation of the potential of the applied ex-
ternal forces SV, may then be expressed as

OV, = OVB, + 51/BC + 6WfiL	 (C.1)

where 51/,,, and (517;c, are defined in Sections 3.4.1 and 3.4.2, respectively, and
OWB, represents the variation of the work done by external loads applied along
the boundaries of the element. This work may be expressed in general for an ar-
bitrary shaped element as [35]

OWBL = (1 UbFb,pdS)
	

(C.2)

where Fb„,,, and Ub represent the applied force resultants and the corresponding
displacements along the boundary of the element and dS is an incremental length
along the boundary.

For a rectangular element, the boundary consists of two sides along which x is
constant and two sides along which y is constant (Figure C.1). In this case 6WBL
is given by [35]

WRL = 
along x = x, and x = x2

(C.3)

+
along y = y i and y = y2

where	 and X,, are the force resultants applied and the displacements along=oP

X = Xi

Y = y 1 --
X = X2

Y Y2 x

Figure C.1. Illustration of the element boundaries for a rectangular element.
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Table C./. Definitions of terms appearing in Equation (C.5).

Term Origin Definition

Y2

Ix x = constant boundary — (	 F T,app T„„dy)

Y1	 along x = x, and
x =

2

ly	 y = constant boundary	 — 	 Fy%ppT,dx)
XI	 along y = y, and

Y = Y2

the x = constant boundaries, and Fyopo and Yb are the corresponding values for
the y = constant boundaries.

I:

Oy

Yb =	 (1).,

aw

ay

aw

ax

\w/

(C.4)

IN	
Iu\	 INY

Nk	 v	 N

C.2 Method of Solution

The solution including boundary loads involves replacing the R, term in Equa-
tion (32) with R. For an element with a rectangular boundary, R: is defined as

R: = R 2 +	 + I,	 (C.5)

where R2 is defined in Table 4 and I, and I, are defined in Table C.1. In these
tables, T. and T, are the transformation matrices which give the displacements
along x = constant and y = constant boundaries when multiplied by C, i.e.

X, = T xCYb = T,C	 (C.6)
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The actual expressions for these transformation matrices appear in Appendix B.
The unknown constants C are evaluated as before using Equation (35) with R2
replaced by R:.
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