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Ab$ t rac t 

Roundoff errors of the block-float Fast Fourier Trans- 
form (FFT) are treated. Special emphasis is given to 
the case when signals containing sine waves are 
analyzed. In the detection and analysis of sine waves, 
rms values and overall signal-to-noise ratios do not 
provide adequate information. An analysis of the 
maximum values is suggested, and the achievable dynamic 
range is given. It is shown that, in contrast to the 
common conviction, the dynamic range does not signifi- 
cantly depend on the point number of the FFT, when the 
roundoff errors originate dominantly from the arith- 
metic roundings within the FFT. 
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I. Introduction 

Though floating-point signal processors are 
commercially available on the market, block-float FFT 
is still the standard means for obtaining spectra of 
measured signals. This means that the sample record is 
represented by fixed-point numbers (mantissas), and a 
common scale factor (exponent) is assigned to the whole 
block. 

Frequency domain is very selective to periodic 
components, however, rounding errors of the FFT put an 
important limitation to the dynamic range, that is, to 
the maximum power ratio of sine waves that can be 
simultaneously analyzed. 

Roundoff errors of the FFT have been extensively 
studied in the literature [l-111. The usual approach is 
to assume that roundings or truncations to a given bit 
number can be modelled by additive lndependent white 
noises, and an rms error measure can be derived. 

The above model is quite bad ln the case when a 
dominant sine wave is present in the signal. Since the 
maximum value in the spectrum is proportional to N / 2 ,  
where N is the number of samples, rescaling is 
necessary at almost each stage of the FFT. therefore 
roundings in the last stages will dominate. Moreover, 
the error at points different from the spectral peak, 
will be large, coloured, and correlated to the spectral 
content. Therefore, the case of a rather large 
sinusoidal component should be considered with special 
care, and results concerning the dynamic range, without 
using the stochastic model of the roundoff errors, are 
required. 
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11. Aspects of Error Analvsis 

The roundoff errors of the FFT depend on several 
factors. Let us briefly enumerate these. 

1. FFT alporithm. There are several FFT algorithms 
that can be applied [12-131. The behaviour of roundoff 
errors slightly depend on the algorithm actually 
implemented. In this paper we are going to deal with 
Radix-2 decimation-in-time (DIT1 and decimation-in- 
frequency (DIF) algorithms. 

2. Bit numbers in the representation of numbers. Three 
different bit numbers have to be considered: 

a1 Input bit number - this is essentially the bit 
number of the A/D converter. In this paper, this bit 

1' 
number will be denoted by b 

bl Bit number in the representation of the complex 
exponentials ( b  1. 
cl Bit number of the samples (b) 

Each bit number is understood in this paper without the 
sign, that is, for example the samples are represented 
by altogether bl+l  bits. 

The bit number of the block characteristics is usually 
chosen large enough not to introduce number representa- 
tion problems. 
In the paper, all three bit numbers are addressed. 

3. Record length. that is, the point number of the FFT 
( N  throughout this paper). 

4. Representation of fixed-point numbers, that is, 
two' s complement, one's complement, sign and magnitude 
etc. We are going to deal with the most common two's 
complement representation. 

5 .  Roundinn strategy. Quantization is necessary when 
the bit number of any intermediate result is higher 
than the bit number of the target register, or an 
element of the block becomes too large to be 
represent.ed as a fixed-point number, and the whole 
block has to be downscaled. Here rounding and 
truncation are usually applied. Before quantization a 
uniform 'or a triangular dither may be added to the 
numbers t.o be quantized. 

Since downscaling is often performed when 
analyzing a signal which contains a relatively large 
sine wave, it may often happen that values with a 
fraction exactly equal to 0 . 5  have to be rounded. 
Therefore!, the strategy how to handle these values is 
of importance. Such possibilities: common rounding, 
that is, round positive values upwards, negative values 
downwards: (in order to keep the mean value): round 
randomly upwards or downwards; or convergent rounding 
[141 (decide on the basis of the second least signifi- 
cant bi t I . 

In this paper we will treat common rounding, with 
no dither applied. 
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6. Windowinn. When a special window function is 
applied (Hanning, Blackman-Harris, Flat Top etc, 
[15-1811, the power of the sine wave is somewhat 
"smeared" in the frequency domain. As a consequence, 
the maximum value of the spectrum is lower, and less 
downscalings are necessary. 

Because of the numerous aspects and influencing 
quantities and circumstances, it is extremely difficult 
to give generally applicable results for all cases. 
Also, theoretical calculations quickly become very 
lengthy and complex [111, so it is impossible to 
present them in this paper. Rather, we are going to 
present some interesting results for a few selected 
cases. 

111. Dvnamic Ranne 

The dynamic range can be defined as the ratio of the 
amplitudes of the maximal and the minimal sine waves, 
simultaneously detectable and measurable in the 
spectrum. The minimal amplitude of a such sine wave is 
determined by the noise level. In our case, we will 
consider roundoff noise caused by the block-float FFT. 
A sine wave may be considered to be detectable when the 
peak belonging to it is significantly higher than the 
maximum peak of the noise. In simulations this is easy 
to check, however, in theoretical calculations not any 
more. In order to obtain a theoretical limit, the 
approximate standard deviation of the noise was 
evaluated, and a conservative 95% confidence limit of 
k.std{n), with k=4.5 [obtained from the Chebyshev 
inequality) was used a a maximum peak value. The 
minimum detectable sine peak was taken as double of 
this maximum value. 

FFT 
Point I num- 

IV. Theoretical and Simulation Results 

1 )  DIF FFT, rounding, rectangular window 

In this case the theoretically calculated standard 
deviation of the roundoff error is 

stdtn} = 

64 178,8 62,O 63,9 60,3 54,7 38,9 38,9 38,O 

128 )79,3 64,3 64,9 62,3 55,2 41,9 41,9 40,2 

hi-2bl + 11$+234N-112 2-2b + N2+108N-496 -2b 2 2,  72 64 

bers 

where N is the point number, and M=log N. 

deviation are summarized in Table 1. 
The dynamics obtained from the above standard 

256 79,5 66,2 65,6 63,9 55,4 44,8 44,8 42,l 

512 79.7 67.6 66,O 65,O 55.6 47.7 47,7 43.5 
1024 79,7 68,5 66,3 65,7 55,6 50,5 50,5 44,4 

Table 1 Dynamics of DIF FFT, rounding, rectangular 
window 

s ~ ~ ~ ~ ~ t e d  

2) DIF FFT, rounding, flat-top window 

stdin} = 

80,4 66.8 65,2 61.0 59,2 44.4 44,O 42,8 

Table 2 Dynamlcs of DIF FFT, rounding, flat top 
window 

3 )  DIT FFT, rounding, rectangular window 

stdin) = [g. 2'2b~ +- 7N2-16N. 2-2b +- 3N2-24N. 2-2b2 
24 32 I 

Table 3 Dynamics of DIT FFT, rounding, rectangular 
window 



4 )  DIT FFT, rounding, flat-top window VI. Summary 

Rather than dealing with rms errors, the paper presents 
upper bounds of the error spectra of sinusoidal input 
signals, and determines the achievable dynamic range of 
spectral analysis. It is shown and it is also illust- 
rated by simulation results that, on the contrary to 
common conviction, the dynamic range only slightly 
depends on the number of samples, when the bit number 
of the block-float FFT dominates. The effect of 
spectral windows is also taken into account. DIT and 
DIF algorithms are compared from the point of view of 
spectral error components. 
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