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Abstract: The problem of designing a given social behavior in a multi-agent system is a
well known issue, yet there is still no general concept to solve it. In fact, there is still no
theory, that connects the individual behavior of agents with the collective behavior of the
multi-agent system in general. Nonetheless there are theories, which capture some
profound aspects of the problem. One of the foremost is the theory of implementation of
social choice rules. However the roots of the theory lie in social sciences, so its approach is
not universally suitable. This article presents a new approach to the problem: a high-level
agent-model for description, design and analysis of collective behavior in multi-agent
systems.
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1 Introduction

The problem of designing a given social behavior (e.g. cooperative, optimal) in a
Multi-Agent System (MAS) is a well known issue, yet there is still no general
concept to solve it. In fact, there is no general theory, that connects the individual
behavior of agents with the collective behavior of the MAS. Nonetheless there are
theories, which capture some profound aspects of the problem. One of the
foremost is the theory of implementation of social choice rules. However the roots
of the theory lie in social sciences, so its approach is not universally suitable for
MAS design. This article presents a new approach to the problem: a high-level
agent-model for description, design and analysis of collective behavior in MAS.

MAS are usually considered from the perspective of intelligent agents [1]. An
agent “can be anything that can be viewed as perceiving its environment through
sensors and acting upon that environment through effectors.” [2]. This means, that
if an agent’s actions depend on its senses, then it must have some representation of
the environment, i.e. some kind of a percept. A percept is typically not equivalent



to the environment, because the environment is usually not fully accessible to the
agent. Using percepts an agent is able to compute its next action. Moreover, all the
preceding percepts (the complete percept history) can have an effect on that
choice. Consequently we may speak of two levels of environmental representation:
an outer representation exterior to the agent, and an inner representation, inside
the agent. It is the latter, upon which the agent’s decision mechanism — choosing
among its possible actions — may be placed. It is the task of the Designer to design
this mechanism appropriately given the outer representation of the environment,
and the agent’s architecture (sensors, effectors, etc). This decision mechanism
may depend on some special features of the environment to allow the agent to act
effectively, e.g. there may be other agents, which make the environment dynamic.
Such multi-agent situations require individual agents to consider other agents’
activity for effective operation. Not only the past, or the present activity should be
considered, but also events, which may occur in the future. Thus it is
advantageous for an agent to plan its actions in advance, and to consider other
agents’ planning activity too.

Obviously the goodness (utility, payoff, etc) of such agents depends not only on
the plan they execute, but also on the plans executed by others. This kind of
strategic interaction is commonly modeled by game theory [3], where agents are
called players, and their plans are called strategies [4]. Although game theory
provides an elaborate description framework, it does not specify how the decision
mechanism works. This makes game theory inappropriate for the design of
collective behavior in MAS, where agents should act according to a specified
(possibly optimal) rule of behavior. Theory of implementation of social choice
rules [5] (a new branch in game theory) proposes a solution to this problem.
However, it considers agents to be given. Therefore it specifies the decision
mechanism not inside, but outside of them. This causes fundamental difficulties,
which may be overcome, if the mechanism is specified within the agents.

This article introduces a new game theoretic approach to implementation of social
choice rules: virtual games. Virtual games specify the mechanism within the
agents, thus enabling the design of provably optimal collective behavior in MAS.
The next sections will introduce fundamentals of game theory, and
implementation theory. Then they’ll proceed to the definition of virtual games.
After the most important definitions, some essential results [10] are stated,
followed by a conclusion and an outline of future research.



2 A Common Approach to Design of Collective
Behavior in Multi-Agent Systems

Theory of implementation of social choice rules is used to handle problems of
designing optimal social behavior. The population of agents is considered a
society, which — as a collective entity — acts according to a social choice rule
(SCR), a mapping from relevant underlying parameters to final outcomes. Thus, a
SCR produces social alternatives (outcomes) depending on the private information
(e.g. type, individual preferences) of the agents in the society. A single-valued
SCR is called a social choice function (SCF). The implementation problem is then
formulated as: “under what circumstances can one design a mechanism so that the
private information of agents is truthfully elicited and the social optimum ends up
being implemented?” [5]
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Figure 1

The implementation problem

Fig. 1 shows the implementation problem in more detail: a Designer must
construct a mechanism that implements a given SCR by producing the same
outcomes aj, @y, as, ..., an, supposing that the agents 1, 2, 3, ..., N choose their
messages (e.g. actions, strategies) my, My, Mg, ..., My according to a given game
theoretical solution concept S (e.g. dominant strategies, Nash equilibrium). If it is
possible to design such a mechanism for a given SCR, then the SCR is called S-
implementable.

The above approach holds many advantages, since mechanisms can model social
institutions, outer enforcement or even mutual agreement between agents. For
instance it is shown [5], that if S is dominant (i.e. if each agent chooses its
dominant strategy regardless of what the other agents choose), then only
dictatorial SCFs are implementable'.

! An SCR is dictatorial if it follows the preferences of one particular agent.



Despite its constructive results, the approach has also its weaknesses. In non-
economical situations, e.g. in informatics, the Designer of an intelligent system
(software agent, robot, etc) has explicit control over the system’s decision
mechanism (e.g. program [6]), unlike to a game theoretical solution concept,
where the assumption about agents’ decision mechanism is implicit. Why should
every agent in a MAS act according to a given solution concept S? It is also a
weakness, that agents are forced to act “through” a central mechanism, which has
global access to the environment. This assumption is generally unrealistic when
designing MAS, because agents mostly act in a decentralized way, and the
Designer, or any mechanism — apart from trivial cases — has only local access to
the environment (e.g. Internet, deep sea, surface of Mars). Moreover, it is also a
drawback, that the approach guarantees implementation only when certain special
conditions hold for the SCR (e.g. monotonicity, ordinality, incentive
compatibility). Generally only approximate implementation is possible, i.e.
generally an SCR is implementable only with some error. This type of
implementation is called virtual implementation [7].

3 A New Approach: Virtual Games

To solve the above mentioned problems a new, high-level model of agent decision
mechanism, called virtual games, is proposed. To give a detailed description of
the concept, let us first introduce the fundamental notions of game theory: agents;
pure and mixed strategies; agent-types; payoff functions; static Bayesian games;
social choice functions; and finally, the notion of Bayesian Nash-equilibrium.

3.1 Game Theoretic Fundamentals

N =11,2,... . . .
{ 7 ’n} denote a finite, non-empty set of agents, S is the finite, non-

(i=1,2,...n) s, €8S,

Let

empty set of strategies available to agent i . Now denotes an
arbitrary member of this set. A strategy associates an elementary action with every
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possible contingency of an agent. Let ° denote an arbitrary

strategy combination. A strategy combination S€S prescribes a strategy * €S to

every agent i. Agents choose their strategies simultaneously, without knowing
each other’s choice.

For the description of the uncertainty agents may face in MAS environments
(deficient sensors; dynamic, non-deterministic behavior of other agents, etc), let us
introduce types [8]. Types of an agent can be used to represent the type of private
information, resources, processing abilities, etc, it may possess. Thus the
uncertainty of an agent about other agents (e.g. because of the imperfection of its



sensors) can be modeled as the uncertainty about the types of other agents. Let T

denote the finite, non-empty set of types of agent i, and Lel

agent i.

an arbitrary type of

Now we can define the payoff of agents. The payoff of an agent describes its
success (optimality, efficiency, etc) in the environment. Let " ST 2R denote
the payoff function of agent i, where " (51:820--5,3) =0 (5) g e payoff to agent

5= (50808, ) €8 , and the active type of agent i is

. This means, that the payoff of an agent i depends only on the strategy * S

it selected, its active type E ET‘, and the strategies

chosen by other agents.

i if the agents choose strategies
teT

$; = (818050 28,85115-8, ) €S,

The active type LETof the agent 1 is supposed to be chosen by Nature with a

probability p‘(ti), where P €2(T) denotes a probability distribution over L.

t,eT,

Every agent i knows only its own active type , but is uncertain about the

(ot 6) €T o Ghers. To model this uncertainty, let us

T=xT

active types

peA(T)

introduce a joint probability distribution over . Now the

probability that the types of the agents are really t=(tt4) can be calculated
as p(t)zpl(t‘)APZ(tZ)"“'p"(t"), assuming that PvP>P» are independent. The
probability Pi(t1t) s called agent i’s belief about other agents’ types, “, given

its knowledge of its own type, S Assuming, that S"Sz"“’s“, T"TZ"“’T",

Yottt oand PrPeeoPaare common knowledge among the agents (i.e.
everybody knows, that everybody knows, that...), the belief pi(ti 1) can be
calculated by any of the agents using Bayes’ rule:

p(ti,t) p(ti-t)

pi(tilt)= p(t) Zp(t-i’ti)

t,eT, , where p(t..t,)=p(t) ,and t:(t—i,ti) (1)

Types enabled us to transform any incomplete information game to a game with
imperfect information [8]. Incomplete information games are games, where some
players are uncertain about the structure of the game (e.g. strategy sets, or utility
functions of others), while imperfect information games are essentially the classic
games introduced by von Neumann [3]. Collecting all of this information together,
we have:

Definition 1 The normal-form representation of an n-player (static Bayesian)

game specifies agents 1, 2, ..., n, their strategy spaces 8,58;,-.8, , their type spaces

TI’TZ""’T", their payoff functions

up,u,,...,u

», and the probability distributions



PP2-oPa At the beginning of a play of the game Nature chooses agent types

according to the independent probability distributions, and reveals type et only

to agent i. After that agents choose their strategies simultaneously and execute
them in parallel. Agent i gains a payoff depending on the chosen strategy-

combination, and its active type t€T Such a game is denoted by a S-tuple:

I= (N’{S‘}isl\ ’{Ti}st ’{ui}st ’{pi}lsN)

If agents are allowed to choose their strategies according to a probability

q,eQ,:A(S,) zqi(si)=1 .

distribution , Where = , and a(s,)20 for every S S', then
s, €8

the strategies i are called pure strategies, while the probability distributions

% are called mixed strategies. Now % () denotes the probability, that agent i

plays a given pure strategy “ by playing the mixed strategy % . Thus mixed
strategies generalize pure strategies. The set of mixed strategy combinations is
constructed as 2~ Q|

Utility functions also need to be generalized to support mixed strategies. Let

QT =R Genote agent i’s payoff function, where % (@4) s the payoff to agent

i if agents choose mixed strategies 9=(9:9y:-+9,)€Q , and agent i’s type is <1

With a slight abuse of notation, this utility can be written as the expectation above
the payoffs of all pure strategy combinations:

uj (gstj) = z ar(s1)-a2(s2) - dn (sn)ui (si1;)
s=(sl,52,4..,sn )eS , where q= (qp‘h,...,qn ) €Q (2)

Before proceeding to the definition of the Nash equilibrium [9], let us first define

fi (t .

{ l(tl)}tiET‘ of agent i (i=1.2,...n)

strategy profile is a mapping 1 7€

, and social choice functions. A
q;

strategy profiles

1 which associates a mixed strategy ' to

. f=(f,f,....,f;) e F=x_|E

every type 5T of an agent i. Let (fof20 o fn) € F = denote a strategy

profile combination, i.e. a social choice function (SCF), and Ilet
f(t)=(fi(t1).f2(t2),....Th (ta)) € . CL. .
(1 ( (1) (t2). ")) < denote the mixed strategy combination provided

t=(t,t,,....t

by SCF f, given the agents’ types are 2)eT . Now the expected payoff

of agent i in case of an SCF f'is:

v (f;tx) = Z P,(t—a“i)'ui(f(‘—iv‘i )iti)
it , Where t=(tio4)

A3)

In (3) the payoff function TSR op agent i was redefined again (with a

slight abuse of notation) to support SCFs. Because of the uncertainty about other
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agents’ types, this is the payoff, that agent i with type " T tries to maximize, not

u(f(1):t) . The belief P (t:1%) in (3) should be calculated according to (1), and the

expected payoff u (F(0):0) in case of a mixed strategy combination f(heQ should
be calculated according to (2). Now we can define Bayesian Nash equilibrium:

T . . I'=(N T,
Definition 2 In a static Bayesian game ( ASi ! }“{u}“{p}\') a SCF
£ (6.6 ) <F is a Bayesian Nash equilibrium if for each agent i and for each
max > pi(t,i|ti)~ui(fl*(t1),f;([z),A.A,fi*,l(ti_l),qi,f}:l(ti_ﬂ),“‘,f‘:(tn );ti)
EQi e _.eT .

solves i

teT £ (t)
b

3.2  Virtual Games

Section 3.1 introduced the fundamentals of game theory. Now we can proceed to
discuss the solution of the problem outlined in Section 2. A new approach for
implementation of social choice rules is proposed, called virtual games. This
concept enables the construction of mechanisms, which provably implement any
SCF exactly. Roughly speaking a virtual game is a part of this mechanism. Fig. 2
illustrates the concept:
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Figure 2

A new approach to the implementation problem

The mechanism is distributed among the agents. Every agent has a decision
mechanism, which has three parts: a transformation, a virtual game, and a function
for selecting a Nash-equilibrium. First the agent senses the outer representation of
the environment: the real game. From that percept it creates an inner
representation of the real game: the model of the real game. This is the input for



the decision mechanism choosing among strategy profiles. Finally, the agent acts
according to that profile.

Thus, virtual games are artificial constructs built from the model of the real game.
They are not models of the real game, they are components of the decision
mechanism of agents, and as such, they may be arbitrarily “far” from the model of
the real game. Technically they differ from the model of the real game only in that
they have different pure strategy spaces, called pure virtual strategies, and payoff
functions, called virtual payoff functions. Formally this means, that every agent i

has a finite, non-empty set of pure virtual strategies Vi e Qi , a subset of the set of
mixed strategies. These are the feasible strategies for agent i. Now the virtual

. Y RV
payoff function of agent i is denoted by Vi VT HER, where ¥ ==1Vi | Virtual

payoff represents an agent’s private valuation of the feasible strategic outcomes. A
virtual game is then a normal-form static Bayesian game

= (N AV AT ¥ ‘}iE“'). In this game the concepts of mixed strategies,

mixed strategy combinations, their payoff, strategy profiles, social choice
functions, their payoff, and Bayesian Nash equilibrium are defined similarly to the
concepts introduced in Section 3.1.

A mixed virtual strategy of agent i is denoted by r‘GR‘:A(V’), where i (4i)
qieVicQj by

. The set of mixed virtual strategy

denotes the probability, that agent i plays the pure virtual strategy

playing the mixed virtual strategy <%

combinations is denoted by R=R The virtual payoff function for them is

. 9
denoted by " RxT>%
gi i >R

, and the virtual payoff is calculated similarly to (2). Let

denote a virtual strategy profile of an agent i in a virtual game. An SCF
g of the virtual game is called a virtual social choice function (VSCF). The virtual

L eR; i

payoff for a VSCF is calculated similarly to (3). A mixed virtual strategy n

the virtual game is equivalent to a mixed strategy % © Qi in the model of the real

a(s)- > a(a?)a )

=g . ®) eq.
game, and denoted 7%, if o holds for every 5<% A

mixed virtual strategy combination r€R is equivalent to a mixed strategy
combination 959 and denoted "=9, if i =% holds for every '=1-%>" A VSCF
g is equivalent to a SCF f, and denoted 2=T | if (=19 y01ds for every t€T,

Corollary 1  If given a mixed virtual strategy TR and a mixed strategy

Ve ey . (ai)=1 =q;
9 € Vi < Qi \which is also pure virtual strategy, where ti(4) holds, then =i

Now it is possible to state the result, which is a key step in showing that with
decision mechanisms based on virtual games any SCF is exactly implementable.



Theorem 1 If in a virtual game = (N W (T (¥ i) constructed for
a static Bayesian game = (N’{Si}xeN ’{Ti}st ’{ui}st ’{pi}st) t=(t,tynt,)eT
q([) = (qf‘).qg‘),...,qgl)) eVcQ

for every

exists a pure virtual strategy combination such that for

i=12,..,n holds, then the only Bayesian Nash

every
equilibrium of the virtual game " that yields maximal virtual payoff for every

@ (el t=(t],tgseety) €T

=120 s the VSCF g"), where for every

£ (081 (1) (1) (1)) R

g (1)(o)
teT

is a mixed virtual strategy combination such that

V1, ¥ 0240 (4040. )0

"' holds for every = , L.e. for every

Theorem 1 guarantees a unique Bayesian Nash equilibrium in virtual games,
where the virtual payoff functions of agents are such, that for every type '€ T their
value is zero for all except one pure virtual strategy combination
q('):(qf()»qg‘)----’qg'))eVCQ . . .
, where it is one. The theorem proves this proposition by
first showing, that if every agent i plays according to a virtual strategy profile ®,
g8 () _ . *‘...,*
where (t')(q' ) 1, then the VSCF * (g"gﬁ’ g") is a Bayesian Nash equilibrium
of the virtual game. Second, it proves (by contradiction) that this is a unique
Bayesian Nash equilibrium of that virtual game in a sense that it is maximal for
every agent. A proof of the theorem can be found in [10].

To use this result, the notion of game theoretical solution concepts and
implementation need to be defined. Let S be a game theoretical solution concept.

F
Given a game I' we denote by s(r)e2 the set of strategy profiles (SCF’s) that
are recommended by S in game I'. An SCF fin ' is S-implementable if there

. r
exists a virtual game I constructed for T', such that ( ) Now the main

result of the article can be stated as follows:

Theorem 2 Any SCF of any static Bayesian game is Bayesian Nash-
implementable.

Theorem 2 uses Theorem 1 to prove its statement in the following way: first it
takes an arbitrary Bayesian game T', and an arbitrary SCF f in I'. Then it
constructs a virtual game T’ ’ such, that for every agent i the set of virtual pure

strategies Vi is the set of mixed strategies a=f(t) recommended by the SCF f, i.e.

Vielf (1)),

, and the virtual payoff function “' is zero for all except one virtual



q=f(t

pure strategy combination ( ), where its value is one. In this case Theorem 1

guarantees, that the only Bayesian Nash equilibrium of the virtual game T " s the

=) here )

VSCF, where every agent i with type ' € T plays £(t) ,1.e. , where

denotes the game theoretical solution concept of Bayesian Nash equilibrium.

A proof of the Theorem 2 can be found in [10]. In a game theoretical sense the
result is independent of the accuracy of agents’ modelling abilities. Theorem 2
states only that any SCF of any static Bayesian game can be implemented (even
by virtual games with special binary payoffs) in case when agents act according to
the maximal Bayesian Nash equilibrium of the virtual game constructed for the
given static Bayesian game. Nonetheless, when players are considered agents,
there is no guarantee, that they will use the same virtual game, because — by
definition — they construct virtual games upon their model of the real game (see
Fig. 2), and this model may be different among the agents. Thus, the results in
Theorem 2 apply only to situations, when agents have the same virtual game. I
assume that it is the task of the Designer to construct agents that way. Any
relaxation of the assumptions is the task of future research.

Conclusions

The results in this article enable a high-level description, design and analysis of
agents’ decision mechanism in MAS. The results overcome the weaknesses of the
theory of implementation of social choice rules. It is shown, that arbitrary
collective behavior can be achieved exactly and in general. Consequently optimal
(e.g. Pareto-optimal, bounded optimal [6]) SCFs are implementable, e.g. to
optimize agents’ communication protocols (strategic interaction); resource usage
(in connection with the utility of agents); or the quality of various services of
MAS (in connection with the optimality of the SCF). A uniform framework is
provided to describe, design and analyze social behaviour. Elaborate distinctions
can be made in the incentives, private valuation and preferences of agents if
modelling their decision mechanism via virtual games. However, only virtual
games with binary payoffs were discussed. The examination of virtual games with
non-binary payoff functions is the task of future research. This research will
mainly concentrate on connecting the concept of virtual games to existing low-
level agent architectures (e.g. [11], [12]) and integrating it into a unified theory of
designing and analysing intelligent multi-agent systems.
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