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Abstract: The problem of designing a given social behavior in a mu lt i-agent  sy st em 
is a w ell k now n issu e,  y et  t here is st ill no general concept  t o solve it . I n fact ,  t here 
is st ill no t heory ,  t hat  connect s t he individu al behavior of agent s w it h t he 
collect ive behavior of t he mu lt i-agent  sy st em in general. N onet heless t here are 
t heories,  w hich capt u re some profou nd aspect s of t he problem. O ne of t he 
foremost  is t he t heory  of implement at ion of social choice ru les. H ow ever t he root s 
of t he t heory  lie in social sciences,  so it s approach is not  u niversally  su it able. This 
art icle present s a new  approach t o t he problem:  a high-level agent -model for 
descript ion,  design and analy sis of collect ive behavior in mu lt i-agent  sy st ems. 
K e y w o rd s: game  th e o ry ,  imp l e me n tatio n  o f  so cial  ch o ice  ru l e s,  mu l ti-age n t sy ste ms 

1 I n t r o d u c t i o n  

The prob lem of designing a given social b ehavior ( e. g.  cooperative, optimal)  in a 
Multi-Agent System ( MAS)  is a w ell k now n issue, yet there is still no general 
concept to solve it.  I n fact, there is no general theory, that connects the individual 
b ehavior of agents w ith the collective b ehavior of the MAS.  N onetheless there are 
theories, w hich capture some profound aspects of the prob lem.  O ne of the 
foremost is the theory of implementation of social choice rules.  How ever the roots 
of the theory lie in social sciences, so its approach is not universally suitab le for 
MAS design.  This article presents a new  approach to the prob lem:  a high-level 
agent-model for description, design and analysis of collective b ehavior in MAS.  
MAS are usually considered from the perspective of intelligent agents [ 1 ] .  An 
agent  “ can b e anything that can b e view ed as perceiving its environment through 
sensors and acting upon that environment through effectors. ”  [ 2 ] .  This means, that 
if an agent’ s actions depend on its senses, then it must have some representation of 
the environment, i. e.  some k ind of a percept .  A percept is typically not eq uivalent 
to the environment, b ecause the environment is usually not fully accessib le to the 



agent. Using percepts an agent is able to compute its next action. Moreover, all the 
preced ing percepts ( the complete percept history )  can have an ef f ect on that 
choice. C onseq uently  w e may  speak  of  two levels of  environmental representation:  
an ou ter  r ep r esen ta ti on  exterior to the agent, and  an i n n er  r ep r esen ta ti on , insid e 
the agent. I t is the latter, upon w hich the agent’ s d ecision mechanism – choosing 
among its possible actions – may  be placed . I t is the task  of  the D esigner to d esign 
this mechanism appropriately  given the outer representation of  the environment, 
and  the agent’ s architecture ( sensors, ef f ectors, etc) . T his d ecision mechanism 
may  d epend  on some special f eatures of  the environment to allow  the agent to act 
ef f ectively , e.g. there may  be other agents, w hich mak e the environment d y namic. 
S uch m u lti -a g en t situations req uire ind ivid ual agents to consid er other agents’  
activity  f or ef f ective operation. N ot only  the past, or the present activity  should  be 
consid ered , but also events, w hich may  occur in the f uture. T hus it is 
ad vantageous f or an agent to p la n  its actions in ad vance, and  to consid er other 
agents’  p la n n i n g  activity  too. 
O bviously  the g ood n ess ( utility , pay of f , etc)  of  such agents d epend s not only  on 
the plan they  execute, but also on the plans executed  by  others. T his k ind  of  
strategic interaction is commonly  mod eled  by  g a m e th eor y  [ 3 ] , w here agents are 
called  p la y er s, and  their plans are called  str a teg i es [ 4 ] . A lthough game theory  
provid es an elaborate d escription f ramew ork , it d oes not specif y  how  the d ecision 
mechanism w ork s. T his mak es game theory  inappropriate f or the d esign of  
collective behavior in MA S , w here agents should  act accord ing to a specif ied  
( possibly  optimal)  rule of  behavior. T h eor y  of  i m p lem en ta ti on  of  soc i a l c h oi c e 
r u les [ 5 ]  ( a new  branch in game theory )  proposes a solution to this problem. 
H ow ever, it consid ers agents to be given. T heref ore it specif ies the d ecision 
mechanism not insid e, but outsid e of  them. T his causes f und amental d if f iculties, 
w hich may  be overcome, if  the mechanism is specif ied  w ithin the agents. 
T his article introd uces a new  game theoretic approach to implementation of  social 
choice rules:  vi r tu a l g a m es. V irtual games specif y  the mechanism w ithin the 
agents, thus enabling the d esign of  provably  optimal collective behavior in MA S . 
T he next sections w ill introd uce f und amentals of  game theory , and  
implementation theory . T hen they ’ ll proceed  to the d ef inition of  virtual games. 
A f ter the most important d ef initions, some essential results [ 1 0 ]  are stated , 
f ollow ed  by  a conclusion and  an outline of  f uture research. 

2 A  c o m m o n  a p p r o a c h  t o  d e s i g n  o f  c o l l e c t i v e  
b e h a v i o r  i n  m u l t i -a g e n t  s y s t e m s  

T heory  of  implementation of  social choice rules is used  to hand le problems of  
d esigning optimal social behavior. T he population of  agents is consid ered  a 



society, which – as  a co l l e ctiv e  e ntity  – acts  acco rd ing  to  a social  ch oice r u l e 
( S C R ) , a map p ing  f ro m re l e v ant u nd e rl y ing  p arame te rs  to  f inal  o u tco me s . T hu s , a 
S C R  p ro d u ce s  s o cial  al te rnativ e s  ( o u tco me s )  d e p e nd ing  o n the  p riv ate  inf o rmatio n 
( e .g . ty p e , ind iv id u al  p re f e re nce s )  o f  the  ag e nts  in the  s o cie ty . A  s ing l e -v al u e d  
S C R  is  cal l e d  a social  ch oice f u n ction  ( S C F ) . T he  imp l e me ntatio n p ro b l e m is  the n 
f o rmu l ate d  as :  “ u nd e r what circu ms tance s  can o ne  d e s ig n a me chanis m s o  that the  
p riv ate  inf o rmatio n o f  ag e nts  is  tru thf u l l y  e l icite d  and  the  s o cial  o p timu m e nd s  u p  
b e ing  imp l e me nte d ? ”  [ 5 ]  
 

 
Fig. 1. The implementation problem 

F ig . 1  s ho ws  the  imp l e me ntatio n p ro b l e m in mo re  d e tail :  a D esig n er  mu st 
con str u ct a mech an ism th at imp l emen ts a g iv en  SC R  b y  p ro d u cing  the  s ame  
o u tco me s  a1, a2, a3, . . . , aN, s u p p o s ing  that the  ag e nts  1 , 2 , 3 , . . . , N  cho o s e  the ir 
me s s ag e s  ( e .g . actio ns , s trate g ie s )  m1, m2, m3, . . . , mN acco rd ing  to  a g iv e n g ame  
the o re tical  s o l u tio n co nce p t S ( e .g . d o minant s trate g ie s , N as h e q u il ib riu m) . I f  it is  
p o s s ib l e  to  d e s ig n s u ch a me chanis m f o r a g iv e n S C R , the n the  S C R  is  cal l e d  S-
imp l emen tab l e. 
T he  ab o v e  ap p ro ach ho l d s  many  ad v antag e s , s ince  me chanis ms  can mo d e l  s o cial  
ins titu tio ns , o u te r e nf o rce me nt o r e v e n mu tu al  ag re e me nt b e twe e n ag e nts . F o r 
ins tance  it is  s ho wn [ 5 ] , that if  S is  d o minant ( i.e . if  e ach ag e nt cho o s e s  its  
d o minant s trate g y  re g ard l e s s  o f  what the  o the r ag e nts  cho o s e ) , the n o nl y  
d ictato rial  S C F s  are  imp l e me ntab l e 1. 
D e s p ite  its  co ns tru ctiv e  re s u l ts , the  ap p ro ach has  al s o  its  we ak ne s s e s . I n no n-
e co no mical  s itu atio ns , e .g . in inf o rmatics , the  D e s ig ne r o f  an inte l l ig e nt s y s te m 
( s o f tware  ag e nt, ro b o t, e tc)  has  ex p l icit con tr ol  o v e r the  s y s te m’ s  d e cis io n 
me chanis m ( e .g . p ro g ram [ 6 ] ) , u nl ik e  to  a g ame  the o re tical  s o l u tio n co nce p t, 
whe re  the  as s u mp tio n ab o u t ag e nts ’  d e cis io n me chanis m is  imp l icit. W hy  s ho u l d  

                                                           
1  A n S C R  is  d ic tatorial if  it f ollow s  the pref erenc es  of  one partic u lar ag ent.  



every agent in a MAS act according to a given solution concept S ?  I t is also a 
w eak ness,  th at agents are f orced to act “ th rough ”  a c e nt r a l  me c h a nis m,  w h ich  h as 
g l o b a l  a c c e s s  to th e environm ent. T h is assum ption is generally unrealistic w h en 
designing MAS,  b ecause agents m ostly act in a decentraliz ed w ay,  and th e 
D esigner,  or any m ech anism  – apart f rom  trivial cases – h as only l o c a l  a c c e s s  to 
th e environm ent ( e.g. I nternet,  deep sea,  surf ace of  Mars) . Moreover,  it is also a 
draw b ack ,  th at th e approach  guarantees im plem entation only w h en certain special 
conditions h old f or th e SC R  ( e.g. m onotonicity,  ordinality,  incentive 
com patib ility) . G enerally only a p p r o x ima t e  imp l e me nt a t io n is possib le,  i.e. 
g e ne r a l l y  an SC R  is im plem entab le only w ith  som e error. T h is type of  
im plem entation is called v ir t u a l  imp l e me nt a t io n [ 7 ] . 

3 A  n e w  a p p r o a c h :  v i r t u a l  g a m e s  
T o solve th e ab ove m entioned prob lem s a new ,  h igh -level m odel of  agent decision 
m ech anism ,  called v ir t u a l  g a me s ,  is proposed. T o give a detailed description of  
th e concept,  let us f irst introduce th e f undam ental notions of  gam e th eory:  agents;  
pure and m ix ed strategies;  agent-types;  payof f  f unctions;  static B ayesian gam es;  
social ch oice f unctions;  and f inally,  th e notion of  B ayesian N ash -eq uilib rium . 

3.1 G a m e  t h e o r e t i c  f u n d a m e n t a l s  

L et { }N = 1, 2,…, n  denote a f inite,  non-em pty s e t  o f  a g e nt s ,  iS  is th e f inite,  non-
em pty s e t  o f  s t r a t e g ie s  availab le to agent i ( )i = 1 , 2 , … , n . N ow  i is S∈  denotes an 
arb itrary m em b er of  th is set. A strategy associates an elem entary action w ith  every 
possib le contingency of  an agent. L et ( ) n

1 2 n i = 1 is = s ,s ,…,s × S = S∈  denote an arb itrary 
s t r a t e g y  c o mb ina t io n. A strategy com b ination s S∈  prescrib es a strategy i is S∈  to 
every agent i. Agents ch oose th eir strategies sim ultaneously,  w ith out k now ing 
each  oth er’ s ch oice. 
F or th e description of  th e uncertainty agents m ay f ace in MAS environm ents 
( def icient sensors;  dynam ic,  non-determ inistic b eh avior of  oth er agents,  etc) ,  let us 
introduce types [ 8 ] . T ypes of  an agent can b e used to represent th e type of  private 
inf orm ation,  resources,  processing ab ilities,  etc,  it m ay possess. T h us th e 
uncertainty of  an agent ab out oth er agents ( e.g. b ecause of  th e im perf ection of  its 
sensors)  can b e m odeled as th e uncertainty ab out th e types of  oth er agents. L et iT  
denote th e f inite,  non-em pty s e t  o f  t y p e s  of  agent i ,  and i it T∈  an arb itrary type of  
agent i. 



Now we can define the payoff of agents. The payoff of an agent describes its 
su ccess (optim al ity,  efficiency,  etc) in the env ironm ent. L et i iu :S T× → ℜ  denote 
the payoff function of agent i ,  where ( ) ( )i 1 2 n i i iu s ,s ,…,s ; t u s; t=  is the payoff to agent 
i if the agents choose strategies ( )1 2 ns = s ,s ,…,s S∈ ,  and the activ e type of agent i is 

i it T∈ . This m eans,  that the payoff of an agent i depends onl y on the strategy i is S∈  
it sel ected,  its activ e type i it T∈ ,  and the strategies ( )- i 1 2 i- 1 i+ 1 n - is = s ,s ,…,s ,s , ,s S∈…  
chosen by other agents. 
The activ e type i it T∈  of the agent i is su pposed to be chosen by N atur e  with a 
probabil ity ( )i ip t ,  where ( )i ip ∆ T∈  denotes a pr ob ab il ity d is tr ib ution ov er iT . 
E v ery agent i k nows onl y its own activ e type i it T∈ ,  bu t is u ncertain abou t the 
activ e types ( )-i 1 2 i-1 i+1 n -it = t , t ,…, t , t , , t T∈…  of others. To m odel  this u ncertainty,  l et u s 
introdu ce a ( )p ∆ T∈  j oint probabil ity distribu tion ov er n

i = 1 iT =× T . Now the 
probabil ity that the types of the agents are real l y ( )1 2 nt = t , t ,…, t  can be cal cu l ated 
as ( ) ( ) ( ) ( )1 1 2 2 n np t = p t p t p t⋅ ⋅ ⋅… ,  assu m ing that 1 2 np ,p ,…,p  are independent. The 
probabil ity ( )i -i ip t | t  is cal l ed agent i’ s  b e l ie f abou t other agents’  types,  - it ,  giv en 
its k nowl edge of its own type,  it . A ssu m ing,  that 1 2 nS ,S ,…,S ,  1 2 nT , T ,…, T ,  

1 2 nu , u ,…, u ,  and 1 2 np ,p ,…,p  are com m on k now l e d g e  am ong the agents (i.e. 
ev erybody k nows,  that ev erybody k nows,  that… ),  the bel ief ( )i -i ip t | t  can be 
cal cu l ated by any of the agents u sing B ayes’  ru l e:  

( ) ( )
( )

( )
( )

-i -i

-i i -i i
i -i i

i -i i
t T

p t , t p t , tp t | t = =p t p t , t
∈
∑ ,  where ( ) ( )-i ip t , t = p t ,  and ( )i it t , t−=  (1) 

Types enabl ed u s to transform  any incom pl ete inform ation gam e to a gam e with 
im perfect inform ation [ 8 ] . I ncom pl ete inform ation gam es are gam es,  where som e 
pl ayers are u ncertain abou t the stru ctu re of the gam e (e.g. strategy sets,  or u til ity 
fu nctions of others),  whil e im perfect inform ation gam es are essential l y the cl assic 
gam es introdu ced by v on Neu m ann [ 3 ] . C ol l ecting al l  of this inform ation together,  
we hav e:  
Definition 1. The normal-f orm re p re s e nt at i on of  an n-p lay e r ( s t at i c  B ay e s i an)  
g ame  specifies agents 1,  2 ,  … ,  n,  their strategy spaces 1 2 nS ,S ,…,S ,  their type spaces 

1 2 nT , T ,…, T ,  their payoff fu nctions 1 2 nu , u ,…, u ,  and the probabil ity distribu tions 
1 2 np ,p ,…,p . A t the beginning of a pl ay of the gam e Natu re chooses agent types 

according to the independent probabil ity distribu tions,  and rev eal s type i it T∈  onl y 
to agent i.  A fter that agents choose their strategies sim u l taneou sl y and ex ecu te 
them  in paral l el . A gent i gains a payoff depending on the chosen strategy-
com bination,  and its activ e type i it T∈ . S u ch a gam e is denoted by a 5 -tu pl e:  

{ } { } { } { }( )i i i ii N i N i N i NΓ = N, S , T , u , p
∈ ∈ ∈ ∈

. 



If agents are allowed to choose their strategies according to a probability 
distribu tion ( )i i iq Q = ∆ S∈ , where ( )

i i

i i
s S

q s =1
∈
∑ , and ( )i iq s 0≥  for ev ery i is S∈ , then 

the strategies i is S∈  are called pure strategies, while the probability distribu tions 
iq  are called m ix ed  strategies. N ow ( )i iq s  denotes the probability, that agent i 

plays a giv en pu re strategy is  by playing the m ix ed strategy iq . T hu s m ix ed 
strategies generaliz e pu re strategies. T he set o f  m ix ed  strategy  c o m b in atio n s is 
constru cted as n

i = 1 iQ =× Q . 
U tility fu nctions also need to be generaliz ed to su pport m ix ed strategies. L et 

i iu : Q T× → ℜ  denote agent i’ s pay o f f  f un c tio n , where ( )i iu q ; t  is the payoff to agent 
i if agents choose m ix ed strategies ( )1 2 nq = q ,q ,…,q Q∈ , and agent i’ s type is i it T∈ . 
W ith a slight abu se of notation, this u tility can be written as the ex pectation abov e 
the payoffs of all pu re strategy com binations:  

( ) ( ) ( ) ( ) ( )
( )1 2 n

i i 1 1 2 2 n n i i
s s , s , , s S

u q; t q s q s q s u s; t
= ∈

= ⋅ ⋅ ⋅ ⋅∑
…

… , where ( )1 2 nq = q ,q ,…,q Q∈  ( 2 )  

B efore proceeding to the definition of the N ash eq u ilibriu m  [ 9 ] , let u s first define 
strategy profiles ( ){ }

i i
i i t Tf t

∈
 of agent i ( )i = 1 , 2 , … , n ,  and social choice fu nctions. A  

strategy  pro f il e is a m apping i i if : T Q→ , which associates a m ix ed strategy iq  to 
ev ery type i it T∈  of an agent i. L et ( ) n

1 2 n i 1 if f , f , , f F F== ∈ = ×…  denote a strategy 
profile com bination, i.e. a so c ial  c h o ic e f un c tio n  ( S C F ) , and let 

( ) ( ) ( ) ( )( )1 1 2 2 n nf t f t , f t , , f t Q= ∈…  denote the m ix ed strategy com bination prov ided 
by S C F  f, giv en the agents’  types are ( )1 2 nt = t , t ,…, t T∈ . N ow the ex pected payoff 
of agent i with type i it T∈  in case of an S C F  f is:  

( ) ( ) ( )( )i i i i i i iiu f ;t p t |t u f t ,t ;tit Ti i
− −= ⋅

∈− −

∑ , where ( )i it t , t−=  ( 3 )  

In ( 3 )  the payoff fu nction i iu : F T× → ℜ  of agent i was redefined again ( with a 
slight abu se of notation)  to su pport S C F s. B ecau se of the u ncertainty abou t other 
agents’  types, this is the payoff, that agent i with type i it T∈  tries to m ax im iz e, not 

( )( )i iu f t ; t . T he belief ( )i -i ip t | t  in ( 3 )  shou ld be calcu lated according to ( 1 ) , and the 
ex pected payoff ( )( )i iu f t ; t  in case of a m ix ed strategy com bination ( )f t Q∈  shou ld 
be calcu lated according to ( 2 ) . N ow we can define B ayesian N ash eq u ilibriu m :  
Definition 2. In a static B ayesian gam e { } { } { } { }( )i i i ii N i N i N i NΓ = N, S , T , u , p

∈ ∈ ∈ ∈
 a S C F  

( )* * * *
1 2 nf = f , f , … , f F∈  is a Bayesian Nash equilibrium if for each agent i and for each 

i it T∈ , ( )*
i i if t Q∈  solv es ( ) ( ) ( ) ( ) ( ) ( )( )* * * * *

i i i 1 2 i 1 i 1 n iq Qi i
max p t |t u f t ,f t , ,f t ,q ,f t , ,f t ;ti 1 2 i 1 i i 1 n

t Ti i
− − +∈

⋅ − +
∈− −

∑ … … . 



3.2 V i r t u a l  g a m e s  
Section 3.1 introduced the fundamentals of game theory. Now we can proceed to 
discuss the solution of the prob lem outlined in Section 2 . A  new approach for 
implementation of social choice rules is proposed,  called virtual games. T his 
concept enab les the construction of mechanisms,  which prov ab ly implement any 
SC F  ex actly. R oughly speak ing a v irtual game is a part of this mechanism. F ig. 2  
illustrates the concept:  
 

 
Fig. 2. A new approach to the implementation problem 

T he mechanism is distrib uted among the agents. E v ery agent has a d ec isio n  
mec h an ism,  which has three parts:  a tran sf o rmatio n ,  a virtual game ,  and a f un c tio n  
f o r selec tin g a N ash -eq uilib rium. F irst the agent senses the outer representation of 
the env ironment:  the real game. F rom that percept it creates an inner 
representation of the real game:  the mo d el o f  th e real game. T his is the input for 
the decision mechanism choosing among strategy profiles. F inally,  the agent acts 
according to that profile. 
T hus,  v irtual games are artificial constructs b uilt from the model of the real game. 
T hey are not models of the real game,  they are components of the decision 
mechanism of agents,  and as such,  they may b e arb itrarily “ far”  from the model of 
the real game. T echnically they differ from the model of the real game only in that 
they hav e different pure strategy spaces,  called p ure virtual strategies ,  and payoff 
functions,  called virtual p ay o f f  f un c tio n s. F ormally this means,  that ev ery agent i 
has a finite,  non-empty set o f  p ure virtual strategies i iV Q⊂ ,  a sub set of the set of 
mix ed strategies. T hese are the feasib le strategies for agent i. Now the virtual 
p ay o f f  f un c tio n  of agent i is denoted b y i iv : V T× → ℜ ,  where n

i 1 iV V== × . V irtual 



payoff represents an agent’s private valuation of th e feasib le strategic  outc om es. A  
virtual game is th en a norm al-form  static  B ayesian gam e 

{ } { } { } { }( )*
i i i ii N i N i N i NΓ = N, V , T , v , p

∈ ∈ ∈ ∈
. I n th is gam e th e c onc epts of m ix ed strategies,  

m ix ed strategy c om b inations,  th eir payoff,  strategy profiles,  soc ial c h oic e 
func tions,  th eir payoff,  and B ayesian N ash  eq uilib rium  are defined sim ilarly to th e 
c onc epts introduc ed in S ec tion 3 .1 . 
A  mix ed  virtual s trategy  of agent i is denoted b y ( )i i ir R = ∆ V∈ ,  w h ere ( )i ir q  
denotes th e prob ab ility,  th at agent i plays th e pure virtual strategy i i iq V Q∈ ⊂  b y 
playing th e m ix ed virtual strategy i ir R∈ . T h e s et o f  mix ed  virtual s trategy  
c o mb in atio n s  is denoted b y n

i = 1 iR =× R . T h e virtual p ay o f f  f un c tio n  for th em  is 
denoted b y i iv : R T× → ℜ ,  and th e virtual p ay o f f  is c alc ulated sim ilarly to ( 2 ) . L et 
i i ig : T R→  denote a virtual s trategy  p ro f ile of an agent i in a virtual gam e. A n S C F  

g of th e virtual gam e is c alled a virtual s o c ial c h o ic e f un c tio n  ( V S C F ) . T h e virtual 
p ay o f f  for a V S C F  is c alc ulated sim ilarly to ( 3 ) . A  m ix ed virtual strategy i ir R∈  in 
th e virtual gam e is eq uivalen t to a m ix ed strategy i iq Q∈  in th e m odel of th e real 
gam e,  and denoted i ir q≡ ,  if ( ) ( )( ) ( ) ( )

( )j
i i

j j
i i i i i i

q V

q s = r q q s

∈

⋅∑  h olds for every i is S∈ . A  

m ix ed virtual strategy c om b ination r R∈  is eq uivalen t to a m ix ed strategy 
c om b ination q Q∈ ,  and denoted r q≡ ,  if i ir q≡  h olds for every i =1,2,…,n . A  V S C F  
g is eq uivalen t to a S C F  f,  and denoted g f≡ ,  if ( ) ( )g t f t≡  h olds for every t T∈ . 
Corollary 1. I f given a m ix ed virtual strategy i ir R∈  and a m ix ed strategy 
i i iq V Q∈ ⊂  w h ic h  is also a pure virtual strategy,  w h ere ( )i ir q =1  h olds,  th en i ir q≡ . 

N ow  it is possib le to state th e result,  w h ic h  is a k ey step in sh ow ing th at w ith  
dec ision m ec h anism s b ased on virtual gam es any S C F  is ex ac tly im plem entab le. 
T h e ore m  1. I f in a virtual gam e { } { } { } { }( )*

i i i ii N i N i N i NΓ = N, V , T , v , p
∈ ∈ ∈ ∈

 c onstruc ted for 
a static  B ayesian gam e { } { } { } { }( )i i i ii N i N i N i NΓ = N, S , T , u , p

∈ ∈ ∈ ∈
 for every agent i ,  and type 

i it T∈  th ere is a virtual pure strategy ( )q V Qi i i it ∈ ⊂  suc h  th at 

( )
( ) ( ) ( ) ( )( ){ }
( ) ( ) ( ) ( )( ){ }i i

1, q
v q,t =

0 , q V \

1 1 2 2 i i n n -i -i

1 1 2 2 i i n n -i -i

q t ,q t ,…,q t ,…,q t |t T
q t ,q t ,…,q t ,…,q t |t T

∈

∈

 ∈ ∈
 h olds,  th en th e only 

B ayesian N ash  eq uilib rium  of th e virtual gam e *Γ  th at yields m ax im al virtual 
payoff for every i =1,2,…,n  is th e V S C F  ( )

1 2 n

* * * *g = g , g ,…, g ,  w h ere for every 
( )1 2 nt t , t , , t T= ∈…  ( ) ( ) ( ) ( )( )* * * *

1 1 2 2 n ng t = g t , g t ,…, g t R∈  is a m ix ed virtual strategy 
c om b ination suc h  th at ( ) ( )( )*

i ig t q =1i it  h olds for every i =1,2,…,n ,  i.e. 
( ) ( ) ( ) ( )( )*g t q ,q ,…,q Q1 1 2 2 n nt t t≡ ∈  for every t T∈ . 



Theorem 1 g u a ra n tees a  u n i q u e B a y esi a n  N a sh eq u i l i b ri u m i n  v i rtu a l  g a mes, 
w here ev ery  a g en t’s ev ery  ty p e i it T∈  ha s a n  a ssoc i a ted  p u re v i rtu a l  stra teg y  

( )q V Qi i i it ∈ ⊂  su c h, tha t the v i rtu a l  p a y of f  ( )
i i

v , t•  i s z ero f or a l l  ex c ep t the p u re 
v i rtu a l  stra teg y  c omb i n a ti on s ( ) ( ) ( ) ( )( ){ } V Q1 1 2 2 i i n n -i -iq t ,q t ,…,q t ,…,q t |t T ⊆ ⊂∈ , w here 
i t i s on e. The theorem p rov es thi s p rop osi ti on  b y  f i rst show i n g , tha t i f  ev ery  a g en t 
i p l a y s a c c ord i n g  to the v i rtu a l  stra teg y  p rof i l e *

ig , w here ( ) ( )( )*
i ig t q =1i it f or ev ery  

i it T∈ , then  the V S C F  ( )
1 2 n

* * * *g = g , g ,…, g  i s a  B a y esi a n  N a sh eq u i l i b ri u m of  the v i rtu a l  
g a me. S ec on d , i t p rov es ( b y  c on tra d i c ti on )  tha t thi s i s a  u n i q u e B a y esi a n  N a sh 
eq u i l i b ri u m of  tha t v i rtu a l  g a me i n  a  sen se tha t i t i s ma x i ma l  f or ev ery  a g en t. The 
c on tra d i c ti on  i s a c hi ev ed  b y  su p p osi n g , tha t there ex i sts a  d i f f eren t g g*' *≠  V S C F  
( n ot n ec essa ri l y  a  B N E ) , w hi c h y i el d s a t l ea st a s mu c h v i rtu a l  p a y of f  f or a t l ea st 
on e a g en t i, a s g* . A p roof  of  the theorem c a n  b e f ou n d  i n  [ 10 ] . 
To u se thi s resu l t, the n oti on  of  g a me theoreti c a l  sol u ti on  c on c ep ts a n d  
i mp l emen ta ti on  n eed  to b e d ef i n ed . L et S  b e a  g a m e  t h e o r e t ic a l  s o l u t io n  c o n c e p t . 
G i v en  a  g a me Γ  w e d en ote b y  ( ) F2Γ ∈S  the set of  stra teg y  p rof i l es ( S C F ’s)  tha t 
a re rec ommen d ed  b y  S  i n  g a me Γ . An  S C F  f  i n  Γ  i s S -im p l e m e n t a b l e  i f  there 
ex i sts a  v i rtu a l  g a me *Γ  c on stru c ted  f or Γ , su c h tha t ( )*f Γ≡ S . N ow  the ma i n  
resu l t of  the a rti c l e c a n  b e sta ted  a s f ol l ow s: 
Theorem 2. An y  S C F  of  a n y  sta ti c  B a y esi a n  g a me i s B a y esi a n  N a sh-
i mp l emen ta b l e. 
Theorem 2  u ses Theorem 1 to p rov e i ts sta temen t i n  the f ol l ow i n g  w a y : f i rst i t 
ta k es a n  a rb i tra ry  B a y esi a n  g a me Γ , a n d  a n  a rb i tra ry  S C F  f  i n  Γ . Then  i t 
c on stru c ts a  v i rtu a l  g a me *Γ  su c h, tha t f or ev ery  a g en t i the set of  v i rtu a l  p u re 
stra teg i es iV  i s the set of  mi x ed  stra teg i es ( )i i i iq =f t Q∈  rec ommen d ed  b y  the S C F  f  
f or a g en t i, i .e. ( ){ }

i i
i i i t T

V f t
∈

= , a n d  the v i rtu a l  p a y of f  ( )
i i

v , t•  i s z ero f or a l l  ex c ep t 
the p u re v i rtu a l  stra teg y  c omb i n a ti on s 

( ) ( ) ( ) ( )( ){ } V Q1 1 2 2 i i n n - i - if t , f t , … , f t , … , f t | t T ⊆ ⊂∈ , w here i t i s on e. I n  thi s c a se Theorem 
1 g u a ra n tees, tha t the on l y  ma x i ma l  B a y esi a n  N a sh eq u i l i b ri u m of  the v i rtu a l  
g a me *Γ  i s the V S C F  ( )

1 2 n

* * * *g = g , g ,…, g , w here f or ev ery  a g en t i w i th ty p e i it T∈  
( ) ( )( )*

i ig t f =1i it , i .e. *g f≡ , i mp l y i n g  ( )*f Γ≡ B , w here ( )•B  d en otes the g a me 
theoreti c a l  sol u ti on  c on c ep t of  ma x i ma l  B a y esi a n  N a sh eq u i l i b ri u m. 
A p roof  of  Theorem 2  c a n  b e f ou n d  i n  [ 10 ] . I n  a  g a me theoreti c a l  sen se the resu l t 
i s i n d ep en d en t of  the a c c u ra c y  of  a g en ts’ mod el l i n g  a b i l i ti es. Theorem 2  sta tes 
on l y  tha t a n y  S C F  of  a n y  sta ti c  B a y esi a n  g a me c a n  b e i mp l emen ted  ( ev en  b y  
v i rtu a l  g a mes w i th sp ec i a l  b i n a ry  p a y of f s)  i n  c a se w hen  a g en ts a c t a c c ord i n g  to 
the ma x i ma l  B a y esi a n  N a sh eq u i l i b ri u m of  the v i rtu a l  g a me c on stru c ted  f or the 



given static Bayesian game.  N o neth el ess,  w h en p l ayers are co nsid ered  agents,  
th ere is no  gu arantee,  th at th ey w il l  u se th e same virtu al  game,  b ecau se – b y 
d ef initio n – th ey co nstru ct virtu al  games u p o n th eir mo d el  o f  th e real  game ( see 
F ig.  2) ,  and  th is mo d el  may b e d if f erent amo ng th e agents.  T h u s,  th e resu l ts in 
T h eo rem 2 ap p l y o nl y to  situ atio ns,  w h en agents h ave th e same virtu al  game.  I  
assu me th at it is th e task o f  th e D esigner to  co nstru ct agents th at w ay.  A ny 
rel ax atio n o f  th e assu mp tio ns is th e task o f  f u tu re research .  
Conclusions 

T h e resu l ts in th is articl e enab l e a h igh -l evel  d escrip tio n,  d esign and  anal ysis o f  
agents’  d ecisio n mech anism in M A S .  T h e resu l ts o verco me th e w eaknesses o f  th e 
th eo ry o f  imp l ementatio n o f  so cial  ch o ice ru l es.  I t is sh o w n,  th at arb itrary 
co l l ective b eh avio r can b e ach ieved  ex actl y and  in general .  C o nseq u entl y o p timal  
( e. g.  P areto -o p timal ,  b o u nd ed  o p timal  [ 6 ] )  S C F s are imp l ementab l e,  e. g.  to  
o p timiz e agents’  co mmu nicatio n p ro to co l s ( strategic interactio n) ;  reso u rce u sage 
( in co nnectio n w ith  th e u til ity o f  agents) ;  o r th e q u al ity o f  vario u s services o f  
M A S  ( in co nnectio n w ith  th e o p timal ity o f  th e S C F ) .  A  u nif o rm f ramew o rk is 
p ro vid ed  to  d escrib e,  d esign and  anal yz e so cial  b eh avio u r.  E l ab o rate d istinctio ns 
can b e mad e in th e incentives,  p rivate val u atio n and  p ref erences o f  agents if  
mo d el l ing th eir d ecisio n mech anism via virtu al  games.  H o w ever,  o nl y virtu al  
games w ith  b inary p ayo f f s w ere d iscu ssed .  T h e ex aminatio n o f  virtu al  games w ith  
no n-b inary p ayo f f  f u nctio ns is th e task o f  f u tu re research .  T h is research  w il l  
mainl y co ncentrate o n co nnecting th e co ncep t o f  virtu al  games to  ex isting l o w -
l evel  agent arch itectu res ( e. g.  [ 11] ,  [ 12] )  and  integrating it into  a u nif ied  th eo ry o f  
d esigning and  anal ysing intel l igent mu l ti-agent systems.  
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Proof of Theorem  1 .  S u p p o s e  t h a t  *g  i s  n o t  a  B a y e s i a n  N a s h  e q u i l i b r i u m  o f  *Γ .  
T h e r e f o r e  t h e r e  m u s t  b e  a n  a g e n t  j ,  a  t y p e  j jt T∈  a n d  a  m i x e d  v i r t u a l  s t r a t e g y  
j jr R∈  s u c h  t h a t  a g e n t  j h a s  t h e  i n c e n t i v e  t o  c h a n g e  t o  i t  f r o m  t h e  m i x e d  v i r t u a l  

s t r a t e g y  ( )*j jg t  p r e s c r i b e d  b y  *g .  F r o m  d e f i n i t i o n  2 i t  f o l l o w s ,  t h a t : 
( ) ( ) ( ) ( ) ( ) ( )( )* * * * *
j j j 1 2 j 1 j j 1 n jp t |t v g t ,g t , ,g t ,r ,g t , ,g t ;tj 1 2 j 1 j 1 n

t Tj j
− − +⋅ >− +

∈− −

∑ … … …

 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )* * * * * *
j j j 1 2 j 1 j j 1 n jp t |t v g t ,g t , ,g t ,g t ,g t , ,g t ;tj 1 2 j 1 j j 1 n

t Tj j
− − +> ⋅ − +

∈− −

∑… … …

 

U s i n g  f o r m u l a  ( 2)  w e  h a v e : 
( ) ( )( ) ( )( ) ( )( ) ( ) ( )( ) ( )( ) ( )

( )
* * * * *

j j j 1 1 1 2 2 2 j 1 j 1 j 1 j j j 1 j 1 j 1 n n n j 1 2 n j
q q , q , , q V1 2 n

p t |t g t q g t q g t q r q g t q g t q v q ,q , ,q ;t
t Tj j

− − − − + + +
= ∈

  ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ >  ∈  − −

∑ ∑
…

… … … …

( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )
( )

* * * * * *
j j j 1 1 1 2 2 2 j 1 j 1 j 1 j j j j 1 j 1 j 1 n n n j 1 2 n j

q q , q , , q V1 2 n

p t |t g t q g t q g t q g t q g t q g t q v q ,q , ,q ;t
t Tj j

− − − − + + +
= ∈

  > ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅  ∈  − −

∑ ∑
…

… … … …

U s i n g  t h e  d e f i n i t i o n  o f  jv  a n d  *g  w e  h a v e : 
( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( )( ) ( ) ( )( ) ( ) ( )( )* * * * *
j j j 1 1 1 1 2 2 2 2 j 1 j 1 j 1 j 1 j j j j 1 j 1 j 1 j 1 n n n np t |t g t q t g t q t g t q t r q t g t q t g t q t

t Tj j
− − − − − + + + +⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ >

∈− −

∑ … … …

 

( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( ) ( ) ( )( )* * * * * *
j j j 1 1 1 1 2 2 2 2 j 1 j 1 j 1 j 1 j j j j j 1 j 1 j j n n n np t |t g t q t g t q t g t q t g t q t g t q t g t q t

t Tj j
− − − − − + +> ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅

∈− −

∑… … …

 

N o w  i t  f o l l o w s ,  t h a t : 
( ) ( )( ) ( )j j j j j jp t |t p t |t 1j j j

t T t Tj j j j
r q t− −⋅ > =

∈ ∈− − − −

∑ ∑  

 



This implies ( )( )j j jr q t 1> ,  whic h is a  c o n t r a d ic t io n .  
N o w – a f t er  sho win g  a lso ,  t ha t  ( )*

i iv g ; t 1=  f o r  ev er y  i=1,2, ,n…  a n d  i it T∈  – let s 
su ppo se t ha t  t her e is a  V S C F  *' *g g≠  ( n o t  n ec essa r ily  a  B N E ) ,  wher e 

( ) ( )*' *
i i i iv g ; t v g ; t≥  ho ld s f o r  ev er y  i=1,2, ,n…  a n d  i it T∈ : 

( ) ( ) ( ) ( ) ( ) ( ) ( )( )* ' * ' * ' * ' * ' * '
i i i 1 2 i 1 i i 1 n ip t |t v g t ,g t , ,g t ,g t ,g t , ,g t ;t 1i 1 2 i 1 i i 1 nt Ti i

− − +⋅ ≥− +
∈− −

∑ … …

 

B y  u sin g  f o r mu la  ( 2 ) ,  we ha v e,  t ha t : 
( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )

( )
* ' * ' * ' * ' * ' * '

i i i 1 1 1 2 2 2 i 1 i 1 i 1 i i i i 1 i 1 i 1 n n n i 1 2 n i
q q , q , , q V1 2 n

p t |t g t q g t q g t q g t q g t q g t q v q ,q , ,q ;t 1
t Ti i

− − − − + + +
= ∈

  ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ≥  ∈  − −

∑ ∑
…

… … …

U sin g  t he d ef in it io n  o f  iv  we ha v e: 
( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )

( )
* ' * ' * ' * ' * ' * '

i i i 1 1 1 2 2 2 i 1 i 1 i 1 i i i i 1 i 1 i 1 n n n
q q , q , , q W1 2 n

p t |t g t q g t q g t q g t q g t q g t q 1
t Ti i

− − − − + + +
= ∈

  ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ≥  ∈  − −

∑ ∑
…

… …

, wher e 

( ) ( ) ( ) ( ) ( ) ( )( )W q t ,q t ,…,q t ,q t ,q t ,…,q t |t Tn n1 1 2 2 i - 1 i - 1 i i i + 1 i + 1 - i - i
     = ∈ .  F r o m t his,  we ha v e: 

( ) ( )( ) ( )( ) ( )( ) ( ) ( )( ) ( )( ) ( )( )
( )

* ' * ' * ' * ' * ' * '
i i i 1 1 1 2 2 2 i 1 i 1 i 1 i i i i i 1 i 1 i 1 n n n

q q , q , , q , q , , q W 'i 1 2 i 1 i 1 n

p t |t g t q g t q g t q g t q t g t q g t q 1
t Ti i

− − − − + + +
= ∈− − +

  ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ≥  ∈  − −

∑ ∑
… …

… …

,  wher e ( ) ( ) ( ) ( ) ( )( )W ' q t ,q t ,…,q t ,q t ,…,q t |t Tn n1 1 2 2 i - 1 i - 1 i + 1 i + 1 - i - i
     = ∈ .  N o w,  it  f o llo ws,  t ha t : 

( ) ( )( ) ( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )
( )

* ' * ' * ' * ' * '
i i i 1 1 1 2 2 2 i 1 i 1 i 1 i 1 i 1 i 1 n n n

q q , q , , q , q , , q W 'i 1 2 i 1 i 1 n

*' p t | t g t q g t q g t q g t q g t q 1i i i i
t Ti i

g t q t − − − − + + +
= ∈− − +

  ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ≥  ∈  − −

⋅ ∑ ∑
… …

… …

S in c e W ' V i⊆ − ,  we ha v e,  t ha t  f o r  a n y  -i -it T∈ : 
( )( ) ( )( ) ( )( ) ( )( ) ( )( )

( )
*' * ' * ' * ' * '
1 1 1 2 2 2 i 1 i 1 i 1 i 1 i 1 i 1 n n n

q q , q , , q , q , , q W 'i 1 2 i 1 i 1 n

g t q g t q g t q g t q g t q 1− − − + + +
= ∈− − +

⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ≤∑
… …

… …  

M o r eo v er ,  f o r  a n y  i it T∈  ( ) ( )( )*'
i i i ig t q t 1≤  a n d  ( )i i ip t |t 1

t Ti i
− =

∈− −

∑ ,  t hu s: 

( ) ( )( ) ( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )
( )

* ' * ' * ' * ' * '
i i i 1 1 1 2 2 2 i 1 i 1 i 1 i 1 i 1 i 1 n n n

q q , q , , q , q , , q W 'i 1 2 i 1 i 1 n

*' p t | t g t q g t q g t q g t q g t q 1i i i i
t Ti i

g t q t − − − − + + +
= ∈− − +

  ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ≤  ∈  − −

⋅ ∑ ∑
… …

… …

F r o m t his,  it  f o llo ws,  t ha t  ( ) ( )( ) ( ) ( )( )*' *
i i i i i i i ig t q t 1 g t q t= =  f o r  ev er y  i=1,2, ,n…  a n d  

i it T∈ ,  i. e.  ( ) ( )*' *'
i i i ig t g t=  ho ld s f o r  ev er y  i=1,2, ,n…  a n d  i it T∈ ,  imply in g  *' *g = g ,  

whic h is a  c o n t r a d ic t io n .  � 
 
Proof of Theorem 2. Let { } { } { } { }( )i i i ii N i N i N i NΓ = N, S , T , u , p

∈ ∈ ∈ ∈
 d en o te a n  a r b i tr a r y  s ta ti c  

B a y es i a n  g a m e,  f  a n  a r b i tr a r y  S C F ,  a n d  Β  th e s o l u ti o n  c o n c ep t o f  m a x i m a l  B a y es i a n  
N a s h  eq u i l i b r i u m .  S C F  f  i s  Β -i m p l em en ta b l e,  i f  th er e ex i s ts  a  v i r tu a l  g a m e 

{ } { } { } { }( )*
i i i ii N i N i N i NΓ = N, V , T , v , p

∈ ∈ ∈ ∈
 s u c h  th a t ( )*f Γ≡ Β .  C o n s tr u c ti n g  th e v i r tu a l  g a m e 

*Γ  s o  th a t f o r  ev er y  i=1,2, ,n…  ( ){ }i i i i iV f t | t T= ∈ ,  a n d  



( )
( ) ( ) ( ) ( )( ){ }

( ) ( ) ( ) ( )( ){ }
V Q1 1 2 2 i i n n -i -i

i i
1 1 2 2 i i n n -i -i

1, q f t ,f t ,…,f t ,…,f t |t T
v q, t =

0 , q V \ f t ,f t ,…,f t ,…,f t |t T
⊆ ⊂ ∈ ∈ ∈ ∈

 for every i=1,2, ,n…  

a n d  i it T∈ , w e h a ve ( from  T h eorem  1 ) , t h a t  t h e on l y m a x i m a l  B a yes i a n  N a s h  
eq u i l i b ri u m  of t h e vi rt u a l  g a m e *Γ  i s  t h e V S C F  ( )1 2 n

* * * *g = g ,g ,…,g , w h ere for every 
( )1 2 nt t , t , , t T= ∈…  ( ) ( ) ( ) ( )( )* * * *

1 1 2 2 n ng t = g t ,g t ,…,g t R∈  i s  a  m i x ed  vi rt u a l  s t ra t eg y 
c om b i n a t i on  s u c h  t h a t  ( ) ( )( )*

i i i ig t f t =1  h ol d s  for every i =1,2,…,n  a n d  i it T∈ , a n d  t h u s  
( ) ( ) ( ) ( ) ( )( )*

1 1 2 2 n ng t f t f t , f t , , f t≡ = …  for every t T∈ , i . e.  *g f≡ .  � 

 
 


