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@ ) elemei: cimkék

@ X-bdl Y-raag: X — Y-vel kdvetkeztetiink (V(D V) az
szbba jov0 g-k értékkészletének unidja)

@ A g(X) kévetkeztetés josagat méri: C: Y x Y — [0, 0)
koltségfiiggvény

@ C(y,g(x)) a koltsége, hogy a valédi Y = y helyett g az
X = x-re g(x)-re kdvetkeztet
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@ gjbésagat R(g) 'R [C(Y,9(X))] globalis kockazat méri

@ g-k, amikre R(g) a legkisebb: optimalis

e r(g,x) EE[C(Y,g(X))|X = x]: lokdlis kockézat fiiggvény
e E[r(g, X)] = R(g) és

H(g.x) = /y C(y. g(x)) dFyu(y)

ahol Fy|x az Y feltételes, a posteriori eloszlasfliggvenye ha
X =x.

(Altalanos integral: diszkrét e.0. = 6sszegzés, absz. folyt.
e.0.= Riemann-integral)
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o Altalaban Y = yd|szkret (megszamléalhaté), pl. Y = {0,1}
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o Altaldban Y vagy akar Y is folytonos.

o HaY =Y = RY, tipikus C: L, tavolsag (|| - || norma)
def

négyzete, azaz C(y.y') = Yoy Ivs — Vil2 =y — v/
négyzetes koltség

o = pl. Y =R-re R(g) =E [(Y — g(X))?] a négyzetes
k6zéphiba (MSE)
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HIPOTEZIS, DONTESFUGGVENY, DONTESI TARTOMANY

Spec. eset: Y =Y = {0,1}, C(i.j) = Co(i.]) = Ijiz

i=0,1az{Y =i}: i-dik hipotézis. Y a posteriori eloszlasat az
ni(x) &P (Y = i|X = x) a posteriori valdsziniiségek adjak.

g =dontésfiiggvény. 0 és 1 g-vel vald dsképei X egy particidja,
ennek D; = {x € X : g(x) = i} osztalyai a ddntési tartomanyok.

(Do, D) g, mert Tigx—jy = Ifyepy- 1Y r(g.%) =

L{g(x)=13M0(X) + Ligx)=0ym (X) = 1 — LixepyyM0(X) — Lixeny 11 (X)

Olyan g minimalizalja, ami Vx-et a nagyobb 7;(x)-hez tartozé
Dj-be sorol
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DEFINITION

A fenti (Dy, Dy)-hoz tartozé g* (azaz g*(x) = j < x € D7)
Bayes-déntés v. maximum a posteriori déntés.

|

THEOREM

A Bayes-ddntés Vx-re minimalizalja r(g, x)-et és igy optimalis.
A minimum értéke r(g*, x) = min(no(x), n1(x)).

g* (optimalis) globalis kockazata: Bayes-kockazat/Bayes-hiba
R(g") = E[min(no(X), 71(X))] = E[min(n; (X), 1 — m(X))].
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BAYES-DONTES KOZELITESE

@ {ni(x)} sokszor ismeretlen.

@ Tfh. n;-t becsllhet6 lehet valamely 7j; : X — [0, 1]-vel.

@ Bayes-dontés: (ng,n1) = g*. Analégia: (7o, 1) = g:

a(x) = j = fjj(x) = max(ijo(x), fi1 (X)) (1)

(ha 7jo(x) = 7j1(x), tetszblegesen valaszt.)

@ Varakozas: 7j;-k j6 becslések = g hibdja ~ g* hibaja
(mindig >). Kockazatuk kilénbsége < az 7j;-k becslési
hibaja:
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i=0,1-re legyenij : X — [0,1] azn; becslése és g egy a
(i, 711 )-hez rendelt déntésfiiggveény. Ekkor

r(@,x) —r(g*, x) < H{@(x);ég*(x)}zie{oJ}’ﬁi(X) — ni(x)]
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[H{g(X#Q*(X} > liii(x) = milx } < E[ >l X)||-

ie{0,1} ie{0,1}
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i=0,1-re legyenij : X — [0,1] azn; becslése és g egy a
(i, 711 )-hez rendelt déntésfiiggveény. Ekkor

I'(g, X) - r(g*, X) = H{@(X)ig*(x)}zie{oj}|ﬁi(X) - ni(x)‘

és R(9) — R(g”) <
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@ Havx € X-reijp(x) =1 —1j1(x) = r(g,x) — r(
21 5(x)£g* ()3 11 (X) — m1(x)| és R(G) — R(g*) <

2E | ig(x),40- 00 1 (X) = m (X)1 | < 2E[[73(X) =1 (X)]].
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g%, x) <
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OSZTALYOZAS MINTAKBOL

Tth. {ni(x)} ismeretlen, de adott n db i.i.d. minta:

(X1, Y1)s- - (Xn, Yn) ~ (X, Y). Ezek alapjan kdzelitjuk g*-ot. =
Osztalyozas (v. alakfelismerés, néha (feltigyelt) tanulas).
Legyen |X| < oo, ri(x) =P(X=x,Y=1i)(xe X,ie€{0,1}) és
Fin(x) az ri(x) becslése az n mintabdl. Mivel

ni(x) = ri(x)/P (X = x), legyen n;(x) kdzelitése

Tin(X)

ﬁin(X)=m7 ie{0,1}

és gn egy hozzajuk rendelt déntésfliggvény. (P (X = x)-k
ismeretlenek = #ji»(x)-k nem meghatarozhatok, de g,-hez nem is kell, mert
Gn(x) = argmax;fjin(X) = argmax;fin(X).)

=Y > [Fn()-n(x)l.

X€X je{0,1}

R(gn)—-R(g") <E [ > 1fin(X) = mi(X)]

i€{0,1}
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Legyen Fin(X) = + 27 Tyx=x v, rel. gyakorisag.

Nagy szamok erés tv.-e: n — oo = Vx € X,i € {0,1},
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@ Legyen Fin(x) = 237 4 Iix—x,v,—i} rel. gyakorisag.

@ Nagy szamok erés tv.-e: n — oo = Vx € X,i € {0,1},
Fin(x) = ri(x) m.m.

@ = Jobb oldal 0-hoz tart m.m. és R(g») — R(g*) > 0 = az
is — 0.

e Igy R(g*)-ot ,majdnem biztosan” tetszélegesen
megkozelité hibaju {gn} sorozatot kaptunk

|X| < oo esetén az eljarés er6sen konzisztens.

Ha n dsszemérhet6 az (X, Y) par effektiv értékkészletével,
akkor bar az egyes tagok kicsik, az 6sszeg mar nem lesz az,
igy R(gn) megbizhatatlanna valik.
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Spec. eset: ), Y C R, tébbnyire végtelen, folytonos, C az Y és
g(X) valamely tavolsagat méri a; hibazéas nagysaga is szamit.
Ekkor g becslésfliggvény.

Bayes-becslésnek nevezzik az optimalis g*
becslésfuggvényeket, azaz amikre R(g*) = ming R(g).

Fennall a kbvetkez6 elégséges feltétel:

Ha egy g* becslesfiggvény lokalis kockazatara
r(g*,x) = min 5 E[C(Y, y)[X = Xx] m.m. x € X-re, akkor g*
Bayes-becslés.
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REGRESSZIOBECSLES; MSE MINIMALIZALAS

@ Legyen Y € R véges szorasu és
Cly.y)=Caly.y) = (y =¥
@ = keressik g*-t, amire R(g*) = E [(g*(X) — Y)?] min.
@ Tétel = ha r(g*, x) = min, 5 E [(Y — y)?|X = x| m.m.
X € X-re, akkor g* Bayes-becslés.

DEFINITIONS

Regresszios flggvény: u(x) = E[Y|X = x]; minden x-re Y
feltételes varhatéértékét adja ha X = x.

| 5\

THEOREM (STEINER)

C = C; eseténVg-re r(g, x) = r(u, x) + (u(x) — g(x))?
(vx € X) és R(g) = R(x) + E [(u(X) — 9(X))?]. lgy
g*(X) = u(X) m.m., azaz a Bayes-becslés a regresszios
flggvény. [Gyérfi et al., 2002, p. 2]

A\
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ACTIVE LEARNING

@ Regression:
o Goal: Learn f
e Data: (X1, Y1),...,(Xn, Yn), where
Yi = f(Xt) + 4, ‘
Z~ DXt(')» e
E[Z|X:] =0, 5
E[Y|X = x] = f(x). "

@ Assumption: X;,{ can be selected based on
(X1, Y(X1)),. ... (X, Y(X))

“Active learning” — more efficient than passive learning for
some problem classes
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INTRODUCTION

OPTIMAL EXPERIMENT DESIGN/PLANNING/ALLOCATION

@ E.g. [Fedorov, 1972]: mostly homoscedastic Gaussian
noise: Var[Y|X = x] = Var[Z|X = x] = 02 = const
@ E.g.: Generalized linear model: p, ¢(X) € R basis func.

Y=f(X)+Z=p"o¢(X)+2Z

X has finite domain X = {xq,..., xx}, w.l.o.g. xx = k. Now
o =[o(1)--- o(K)] ~ dxk matrix = optimization problem:
given X', how many times should we choose k to minimize
some loss

@ K > d: hard and interesting
@ Spec. case: K = d, {¢(1),...,6(K)}C R¥ is a basis in R
@ Further simplification: ¢(k) = ek, ¢ =1, i.e., f(xx) = px,

Y|x=k = pk + Z|x=k
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HETEROSCEDASTICITY

What if Z is heteroscedastic (non-Gaussian), i.e.,

Var [Z|X = x] = 0(x),

and ¢2(x) is unknown?
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MODEL & PROTOCOL OF LEARNING

@ Given (Dy)y<k<k distributions with means (/i )1<x<k
supported in [0, 1].

PROTOCOL OF LEARNING

© Request sample from option/arm X; € {1,..., K}
© Receive Y; ~ Dy,

© Produce estimates (/i1;, . .., fixt)
Qt=t+1,Goto1
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WEIGHTED LOSS

Loss of [i, after seeing n samples: Ly, = E [(fikn — 1ux)?]. If k
is chosen ~ some a given py,.... Pk, Pk > 0, (O, Pk = 1),

L%p) - Z Pk Lyn.
k

EXAMPLES

e Treatment efficiency testing
e Quality control
e .. whenever experiment design makes sense

e Adaptive stratified sampling

N
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ADAPTIVE STRATIFIED SAMPLING

@ Problem: Estimate = E[Y].
@ Assumptions: We are given
o strata Sy, ..., Sk UiSk = Q with weights wy, = P (Sk) > 0.

e i.i.d. samples from Y on Sk.
def

® uk = E[YISk]. = 1=y Wik

@ Goal: Sample Y|Sk and contruct /i, s.t. the loss of

fin = >k Wkftkns Ln = E [(fin — p)?] — min!

@ Observe:

Ln=> Wilin+ Y wkWE [(fikn — i) (fikrn — 1))
k kK

@ If correlation terms vanishes (e.g., deterministic allocation):
Ln=7>" W;f Lkn = > ) PkLkn = “weighted loss”.

Running polls adaptively \
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SAMPLES AND ESTIMATE FOR AN OPTION

@ Vk learner sequentially decides the frequency of {X; = k}

® Thn © SO, Iix,—k> 0: number of samples allocated to

arm k till time n
Z Tkn = n.
k

® Yy défsample requested the " times from arm k

A~ def
@ sx=mean = /i, —sample average of arm k:
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O Max-Loss

Algorithm — GAFS-MAX
Theory

Algorithm — GFSP-MAX
Theory

Experiments

Algorithm — UCB-CH-AS-MAX
Theory
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OPTIMAL ALLOCATION (MAX-L0OSS)

@ Assume 0% = Var[Yj] = Var[Y|X = k] are known (and > 0
now). Choose { T4, }« in advance (not data-dependent).

@ Loss of option k: variance of average of i.i.d. =

@ Goal: Minimize L, = maxy L,!
@ Solution: Optimal choice must make all Ly, the same:

o2 def

Tyn = Ns5 = nX  (mod rounding),

where 2 = 3", 02, )\« is optimal allocation ratio for arm k.
@ = Toget {T; }xonly {ok}x is needed
@ (How to extend this if 3o = 0?) W.l.o.g. assume ¥2 > 0.
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EXCESS LOSS

@ The optimal loss under the optimal allocation:

22
= 7.

Ly

@ Loss of uniform allocation (7, = n/K):

Ko2 K max, o2 = Y2
X —K = Kok > =

LS,U) =ma
kK n n n

=" & homoscedastic case
o L,(A)~ loss of algorithm A

EXCESS LOSS / REGRET

Rn(A) = Ln(A) — L,
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52 1N Tk y2 fi2
o Estimate &7, for all k attime t: 6%, = 7- >/, Y& — p§,

e Sample arm X;. 1 € argmaka—ﬁ! (based on earlier samples)

@ |s this a good idea?

@ Reminds to multi-armed bandit problems
[Auer et al., 2002)]. Exploration-exploitation trade-offl (But
different performance criterion.)
@ How to explore?
e Upper confidence bounds
e e-greedy
e Follow the perturbed leader
e Forcing
o Step-wise
e Inphases



OUTLINE

O Max-Loss
@ Algorithm — GAFS-MAX



Max-Loss
oe

ALGORITHM GAFS-MAX

Greedy Allocation with Forced Selection = GAFS

Algorithm GAFS-MAX( )




Max-Loss
oe

ALGORITHM GAFS-MAX

Greedy Allocation with Forced Selection = GAFS

Algorithm GAFS-MAX( )

© First K trials: choose each arm once, initialize Vk : Tix = 1,64 =0




Max-Loss
oe

ALGORITHM GAFS-MAX

Greedy Allocation with Forced Selection = GAFS

Algorithm GAFS-MAX( )

© First K trials: choose each arm once, initialize Vk : Tix = 1,64 =0
Q Attimet=K+1,...,ndo:




Max-Loss
oe

ALGORITHM GAFS-MAX

Greedy Allocation with Forced Selection = GAFS

Algorithm GAFS-MAX( )

© First K trials: choose each arm once, initialize Vk : Tix = 1,64 =0
Q Attimet=K+1,...,ndo:
(3 ] U1 € argming << Tt 1




ALGORITHM GAFS-MAX

Greedy Allocation with Forced Selection = GAFS

Algorithm GAFS-MAX( )

© First K trials: choose each arm once, initialize Vk : Tix = 1,64 =0
Q Attimet=K+1,...,ndo:

Q@ Uiy €argmingpy Tit—1

Qo Let

Gy ]
€ argmaxy <k 7., -,» Otherwise

N {U,1, if Ty, o1 <on/T—1+1
t:




Max-Loss
oe

ALGORITHM GAFS-MAX

Greedy Allocation with Forced Selection = GAFS

Algorithm GAFS-MAX( )

© First K trials: choose each arm once, initialize Vk : Tix = 1,64 =0
Q Attimet=K+1,...,ndo:

Q@ Uiy €argmingpy Tit—1
o Let
X Ui_q, if TU,,1,t—1 <avt—1+1
t = 6’2 .
€ argmax;<,<x 7., Otherwise

Q Choose option X, Tyt = Ty t—1 + Iix—k}




Max-Loss
oe

ALGORITHM GAFS-MAX

Greedy Allocation with Forced Selection = GAFS

Algorithm GAFS-MAX( )

© First K trials: choose each arm once, initialize Vk : Tix = 1,64 =0
Q Attimet=K+1,...,ndo:

Q@ Uiy €argmingpy Tit—1
o Let
X Ui_q, if TU,,1,t—1 <avt—1+1
t = 6’2 .
€ argmax;<,<x 7., Otherwise

Q Choose option X, Tyt = Ty t—1 + Iix—k}
o Observe Y; = LER




Max-Loss
oe

ALGORITHM GAFS-MAX

Greedy Allocation with Forced Selection = GAFS

Algorithm GAFS-MAX( )

© First K trials: choose each arm once, initialize Vk : Tix = 1,64 =0
Q Attimet=K+1,...,ndo:

Q@ Uiy €argmingpy Tit—1
o Let
X Ui_q, if TU,,1,t—1 <avt—1+1
t = 6’2 .
€ argmax;<,<x 7., Otherwise

(s} Choose option X, Tyt = Ty t—1 + Iix—k}
(6 Observe Y; = YXhTX,.t
o Update estimate /i, and &%, (change only for k = X).

o’
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UPPER BOUND GAFS-MAX

Let Amin = Ming.», >0 Ak. Then there is C = poly(1/Amin), S.t. for
any n

Rn(Acars—max) < Cn~3/2VInn.
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PROOF — PREPARATIONS

OBSERVATIONS
With high probability:
e Claim 1: If Ty, > f(n) then

« Inn
s —o[B)

e Claim 2: If A\, — \x = O( /In n/f(n)) then

Tkn Inn
;—Ak:o< f(n)>
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PROOF.

e Forcing = Ty, > \/n
e Use Claim 1 & 2 with f(n) = \/n=

e B Inn
n_)\k_o<\/n1/2>’

o = Tk, > %knif nis large enough
e Use Claim 1 & 2 with f(n) = cn =

.
k”_)\k_o< Inn)
n n

o Wald's second identity = Ly, — L;; = O(n~/?v/In n).
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Algorithm GFSP-MAX

@ First 2K trials: choose each arm twice, initialize Vk : Tk ox = 2, 6k 2k

@ Inphase m, iy &ef m(2K + m—1)/2 + 2K and do:

Q Attimes t, — K +1,..., tn: choose each arm once

© E2E N8, ko Amk S 0F,, /5

(5 ) Attimes tn +1,..., tn + m: choose arm k mi,_, times (+rounding!)
(6 Tk ttrm = Tkt (+m—1+ m}\\k,m +1

Q Observe Yi. ki1, Yip+m

(3] Update estimate /ix 1, m and 6E,tm+m.
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ANALYSYS GFSP-MAX

@ Observe: After phase m:
e each arm is chosen > m + 2 times,
o number of all trials: 2K + Km + (1 +2+ ...+ m) ~ m?/2.
@ = by time t each arm is chosen at least approximately /2t
times.

@ = corresponds to GAFS-MAX with a = /2
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MaAX-Loss

Rescaled Excess Loss

Mean1: 0.8, Mean2: 0.9
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Number of Samples (x 1000)

The rescaled excess loss, n°/R,,, against n
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Algorithm UCB-CH-AS-MAX( )

@ First 2K trials: choose each arm twice, initialize Vk : Ty ok = 2, 6k 2k
Q Attimeft=2K +1,...,ndo:

©  Compute Vk: By = 7 - ( 18 1+3\/W>

Let X; € argmaxgkgKBk,t,
Choose option X, Txt = Ty t—1 + Iix—k}
Observe Y; = YXr,Tx,,[

© 00O

Update estimate /i and 57, (change only for k = X;).

v




OUTLINE

O Max-Loss

@ Theory



MaAX-Loss

UPPER BOUND UCB-CH-AS-MAX

Let Amin = Ming., >0 Ak. Then there is C = poly(1/Amin, 1/X),
s.t. for any n, if it is known in advance, and UCB-CH-AS-MAX
runs with § = n—°/2, then

Rn(Aucs—ch-as—max) < Cn3/2V/Inn.
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For o > 0, let ¢ = £k »(9) be event

t t 2
N {12@—(12’%‘) — o
1<k<K i=1

i=1
1<t<n

in(1/0)
ST }

@ Hoeffding: P (&) > 1 — 4Knod.
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PROOF (SKETCH)

Foro > 0, let £ = £k 5(0) be event

t t 2
N {12@—(12’%‘) — o
1<k<K i=1

i=1
1<t<n

in(1/0)
ST }

@ Hoeffding: P (&) > 1 — 4Knod.
@ There is C = poly(1/Amin, 1/X), s.t. if UCB-CH-AS-MAX
runs with 6, then Vnon &, Vk: | Ty, — Ty .| < Cy/nin(1/9).

With high probability: | Tk , — T ,| = O(+/nIn(1/6)).
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CONCLUSIONS

e Active learning can perform better than passive learning
e ..Even if the rates are the same!
@ Plug-in rules with forcing or UCB can work well
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OPEN QUESTIONS

e Lower bounds: are results sharp?

e Extensions:

Unbounded (sub-Gaussian) distributions — done
Generalized linear models (K > d)
Infinite/continuous domain

Classification

© 6 © o
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