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Generalization of a Total Least Squares Problem in
Frequency-Domain System Identification
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Abstract—In this paper, a solution to the frequency-domain
system identification of a linear time-invariant system is inves-
tigated. A generalization of the total least squares algorithm is
shown and analyzed. Some simulation examples on real measured
data are given, in order to illustrate the properties of the new
method in practice.

Index Terms—Frequency domain, generalized eigenvalues, ini-
tial value setting, system identification, total least squares (TLS).

I. INTRODUCTION

M EASUREMENT in a good sense means, e.g., determi-
nation of certain properties of a physical system. This

is called system identification. Parametric system identification
usually concludes in the estimation of unknown parameters in
a model [2]–[4]. The estimation of the parameters can be done
in many different ways. For the sake of short computing time
and numerical simplicity, our goal is usually to cast the problem
in the form of a set of linear equations. Because of the dis-
tortions and noises in the measurement process, an over-deter-
mined set of linear equations is considered. Therefore, an ap-
proximation has to be used to make the linear equations com-
patible. One of these, the total least squares (TLS) method [6],
is very effective for frequency-domain system identification.
However, in the TLS solution some inherent constraints have
to be fulfilled which are sensitive to linear transformations (fre-
quency scaling, etc.). Therefore, it is important to understand
what happens during transformations and formulate how the
constraints can be transformed. The method described here al-
lows the proper transformation of the constraints, too; the same
solution can be found in the transformed space. Therefore, ELiS
can be extended to provide TLS solution, independent of fre-
quency scaling (this was not the case until now).

The structure of this paper is the following:

[I] Introduction.
[II] Preliminaries and foundations discusses the notations

and assumptions. Furthermore, it contains the basic
theorems and statements.

[III] Generalization of the TLS problem contains the the-
oretical result which is a generalization of the TLS
problem.

Manuscript received May 29, 2001; revised Aubust 23, 2002. This work was
supported by the Flemish government (BIL99/18, and GOA-ILiNos) and the
Belgian government (IUAP V/22), the Hungarian National Fund for Scientific
Research (OTKA: T 033053), and the Hungarian Ministry of Education (FKFP
0074/2001).

L. Balogh and I. Kollár are with the Department of Measurement and Infor-
mation Systems, Budapest University of Technology and Economics, Budapest,
Hungary (e-mail: lbalogh@mit.bme.hu; kollar@mit.bme.hu).

Digital Object Identifier 10.1109/TIM.2002.808054

Fig. 1. Measurement setup. DUT is the device under test.

[IV] Practical use contains verification of the result of the
identification and illustrates the practical usage of the
new algorithms on real measured data.

II. PRELIMINARIES AND FOUNDATIONS

In the model, the description of the system with its transfer
function is [3]

(1)

where is the angular frequency, and are the coefficients
of the transfer function polynomials,is the collection of ,
and and are the orders of the numerator and the denomi-
nator, respectively. A similar expression can be used in the-do-
main if is replaced by , where is the sam-
pling time.

The model of the measurement process can be seen in Fig. 1.
The following notations are used:

— the exact, but unknown, input, and output;
— additive noises on the input and output, re-

spectively;
— the measured data (Fourier amplitudes at dif-

ferent frequencies).

The following equations describe this stochastic model of the
measurement

(2)

The measured input and output are known at discrete frequen-
cies denoted by . (If time-domain samples are avail-
able, the discrete Fourier spectra can be calculated by using the
discrete Fourier transform or its fast version, the FFT). It is as-
sumed that the variances of the additive noises are known, and
that the noises have zero mean, are uncorrelated over the fre-
quency, and have bounded moments.
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If the input/output samples are collected into vectors, we can
write

where for example is

Using (1), the model equation is obtained

This equation is true for every frequency, is linear in, and can
be written in matrix form as

(3)

where the rows of the matrix belong to the corresponding .
This equation is linear in , and the elements of are

if

if

Using (2) and (3), the noisy can be introduced

(4)

From the noise assumptions, it follows that

— are zero mean, mixing [3],
complex random variables;

— ;
— the errors are independent over the fre-

quency.
For more details, see [3] and [5].
The weighted total least squares
Using (4), the parameter estimation can be formulated as a

total least squares problem [5], looking for a solution of

where the solution for may contain errors in all elements.
The definition of the weighted TLS problem is the following [6]

(5)

subject to

and

Here, is a left weighting matrix, and denotes the Frobe-
nius norm. is an estimation of . The properties of and
connection with LS can be found in more detail in [6].

Elimination of in (5) gives the equivalent cost function
minimized by the WTLS estimator [5]

(6)

subject to

Fig. 2. Original and the transformed space of the parameter vectors.

Transformation of the parameter vector
In many cases, before solution we have to transform the pa-

rameter vector into a new base. This can be described as mul-
tiplying the parameter vector with a transformation matrix and
using the result to continue the estimation algorithm with the
vector obtained as the result. The applications of this can be seen
in the next section. The transformation of the parameter vector
can be written in the following form:

and therefore the has to be replaced with its transformed
version

Hence the TLS problem should be rephrased, usually like
this:

(7)

subject to

and (8)

where is the variable of the transformed problem. The corre-
sponding cost function is

Here, the problem is that the known algorithms cannot account
for the fact that by transforming the parameter vector, the con-
straint should be transformed, too. If constraint (8)
is used, it is not the original WTLS problem that is solved in the
new base.

To illustrate, consider a two-variable parameter vector.
Fig. 2(a) shows the original space of the parameter vector with
the unit circle as a constraint and the assumed solution of the
TLS problem. What will happen if the problem is transformed
into a new base? The unit circle is usually transformed into
an ellipse. The points of this ellipse are the possible solutions
of the original minimization problem. If the generally used
algorithm is used, the solution will be searched not on this
ellipse, but on the unit circle [see Fig. 2(b)]. It is important
to note that in this case after the transformation of ,
the constraint is not transformed. In the new algorithm
we suggest, the minimization problem is transformed together
with the constraint. Hence in the new base the original problem
is solved. The new algorithm is discussed in the next section.
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III. GENERALIZATION OF THE TLS PROBLEM

The WTLS problem can be generalized in the following way:

subject to

and (9)

The constraint is a bilinear expression1 . Hence, the corre-
sponding cost function is

This problem leads to a generalized eigenvalue problem [3].
Therefore this problem can be solved very effectively with gen-
eralized singular value decomposition (GSVD). We may use

[7], [6]. The corresponding Matlab program
is:

[U1,U2,X,S1,S2]= (W*A,B);

Xi=inv(X');

p=Xi(:,1);

This generalization of the constraint allows compensating for
the transformation of the parameter vector. If matrixis chosen
such that

then problem (6) is solved2 . It means that the solution of the
transformed WTLS problem is searched on the transformed unit
circle [the ellipse in Fig. 2(b)].

IV. PRACTICAL USE

In this section, the applications of the theoretical results are
discussed. The focus is on the transformations of the parameter
vector.

In practice the transformation of the parameter vector is per-
formed in many cases, although this is not always noticed. We
mention here the following occurrences:

— frequency scaling;
— orthogonal polynomial base;
— known subsystem.

Because of the limited length of this article, only the frequency
scaling and the orthogonal polynomials will be discussed. The
case of the known subsystem can be found in the conference
paper [1].

In the following tables, some results obtained by running
different algorithms are compared. The normalized difference
vector will be used for this purpose. This means that ifand

1Note: as a matter of fact (9) can be interpreted that the norm ofp equals one,
when the scalar product of vectorx andx is defined asx B Bx .

2In the cases of frequency scaling and of orthogonal polynomials, the matrix
T is a square matrix and is invertible. For a known subsytem,T has to be chosen
in another way. See more details in [1].

denote the vectors obtained as two estimation results, the ex-
pression of the normalized difference is

(10)

In our case .

A. Frequency Scalling

Frequency scaling To avoid the calculation with numbers of
different orders of magnitude, which is an ill-conditioned nu-
merical method, the frequencies are first scaled before the esti-
mation algorithms are started [4], [2], [8], [3]. This means that
the frequencies are divided by a scale factor which is generally
computed in the following way:

Essentially, the bandpass spectrum is moved to the radian fre-
quency 1.

Thus, the parameter vector is scaled. Therefore to obtain the
final result, the effect of the frequency scaling must be elimi-
nated. This means calculations with

for

Similarly, in the case of the denominator,

for

It can be seen that frequency scaling is equivalent with a trans-
formation of the parameter vector

where

Consequently, to solve the original TLS problem,must be
defined as

As an illustration of the procedure, the mechanical measure-
ment of a robot arm is presented. The behavior of a flexible
robot arm was measured by applying controlled torque to the
vertical axis at one end of the arm, and measuring the tangen-
tial acceleration of the other end. The excitation signal was a
multisine, generated with frequency components at

, with Hz, that is, in the
frequency range 0.125 Hz–25 Hz. The originally flat multisine
was distorted by the nonlinear behavior of the actuator. The odd
harmonic frequencies provided that components produced by a
squaring nonlinearity would not disturb the identification. The
input and output signals were sampled with sampling frequency

Hz. Sampling was synchronized to the excitation
signal so that 4096 samples were taken from each period. The
data records contain 40 960 points, that is, 10 periods were mea-
sured. Fig. 3. shows the magnitude of the frequency response at
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Fig. 3. Measured magnitude of the frequency response of the robot arm.

the measured frequencies. The model is estimated with orders
4/6.

Table I contains the estimation results. The first row of the
table is the solution of the original problem. This is the vector
to which the others are compared. It can be seen that in the case
of the first and the third rows the values of the scaled difference
vectors are the same. These vectors are equal. But the parameter
vector in the second row differs from the others. The cause is
that in this case the bilinear compensation (9) for the frequency
scaling was not applied.

B. Orthogonal Polynomials

Orthogonal polynomials are used to enhance the numerical
conditioning of the problem. Without details it is important to
note that using orthogonal polynomials is equivalent to a base
transformation ([8], [3]). If denotes a parameter vector in the
new base computed with Gram-Schmidt orthogonalization, the
transformation can be written as

where is the transformation matrix mentioned above. In
this case has to be set as

Considering frequency scaling in addition, the value ofto be
used is

(11)

The same example demonstrated in the previous subsection
(robot arm) is used. Equation (11) is applied as the bilinear
constraint. Table II contains the estimation results.

TABLE I
RELATIVE DEVIATION OF THE PARAMETER

VECTOR

TABLE II
RELATIVE DEVIATION OF THE PARAMETER VECTOR

V. NOVELTIES

In this paper, a generalization of the total least squares
problem is discussed, by using a bilinear expression as a
constraint of the parameter vector, instead of fixing the norm.
Furthermore, an application of this result is shown. It is
important because by using the bilinear constraint, the original
problem can be solved in the new basis of the parameter vector.
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